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Galois Representations Associated to p-adic 
Families of Modular Forms of Finite Slope 


Tomoki Mihara 


Abstract 

We define a pro-;? Abelian sheaf on a modular curve of a fixed level N > 5 divis¬ 
ible by a prime number p 2. Every p-adic representation of Gal(Q/Q) associated 
to an eigenform is obtained as a quotient of its etale cohomology. For any com¬ 
pact Zp[[l -i-fVZp]]-algebra Ai satisfying certain suitable conditions, we construct a 
representation of Gal(Q/Q) over Ai associated to a Ai-adic cuspidal eigenform of 
finite slope as a scalar extension of a quotient of the etale cohomology. 
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0 Introduction 


Let be a prime number with p 2. We give a new explicit geometric construction 
of a p-adic family of Galois representations associated to modular forms of a fixed level 
N > 5 with p I of finite bounded slope. The result is deeply related to one of@ open 
questions in nCM98l . R. Coleman and B. Mazur originally defined the eigencurve of 
tame level 1 in [ICM98I 6.1 Definition 1. Excluding a discrete subspace from the reduced 
eigencurve, they constructed a continuous representation of Gal(Q/Q) of rank 2 over the 
ring of rigid analytic functions from the pseudo-representation obtained as the pull-back 
of the universal deformation of a pseudo-representation over a finite field. Then they 
asked a question whether this Galois representation is obtained as the Pontryagin dual of 
the direct limit of etale cohomologies of a tower of modular curves. Instead of the original 
reduced eigencurve, we consider the reduced eigencurve introduced in HEmell Theorem 
2.23 obtained as the closed subspace of Spf(Tj^^) x Aq interpolating classical Hecke 

eigenforms, where is the universal Hecke algebra of level N generated by Hecke 
operators T{ for each prime number t p and St for each prime number I coprime 
to N. Two geometric constructions of a family of Galois representations associated to 
modular forms are known for the case where the modular forms are ordinary. One is 
given by H. Hida as the inverse limit of Tate modules of Jacobian varieties of towers of 
modular curves ( [|Hid86l Theorem 2.1) (yi(pW))rEN- The other one is given by A. Wiles 
as gluing of pseudo-representations along Hida family ( nWil88H Theorem 2.2.1). Even if 
we restrict it to the case where modular forms are ordinary, our construction completely 
differs from the two. Indeed, we construct a family as a quotient of the cohomology of a 
compact sheaf on a single modular curve of level A. 

In ^l.ll we recall topological modules over topological rings. We define the notion of 
profiniteness of a topological module. Roughly speaking, a profinite module is a topolog¬ 
ical module which is isomorphic to the inverse limit of its quotients by open submodules 
of finite indices. Every profinite module is a compact Hausdorff topological module such 
that the set of open subgroups forms a fundamental system of neighbourhoods of 0, and 
the converse holds in the case where the topological ring is itself a profinite as is veri¬ 
fied in Proposition 1 1.1 41 In ^I.2[ we recall topological modules over monoid algebras of 
topological monoids over topological rings. We are interested not only in a topological 
group but also in a topological monoid, because we need the latter in order to give an ac¬ 
tion of Hecke operators on cohomologies in ^2.31 In ^I.3[ we recall modular forms and 
several variants of Hecke algebras over a p-adic field. We introduce the universal Hecke 
algebras and of slope < s. We will use them in order to formulate a cuspidal 
family of systems of Hecke eigenvalues of finite slope in ^3.4[ 

In ^2.1[ we introduce the notion of a prodiscrete cohomology of a complete topolog¬ 
ical module with a continuous action of a topological monoid. In ^2.2[ we introduce a 
notion of a profinite Zp-sheaf. It is an inverse system of etale sheaves of finite Abelian 
p-groups, and unlike a smooth Zp-sheaf, we assume no finiteness condition. Similar with 
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a prodiscrete eohomology of a eomplete topologieal module with a eontinuous aetion 
of a topologieal monoid, we define a prodiserete eohomology of a profinite Zp-sheaf as 
the inverse limit of the eohomologies. It is not a derived funetor, but works well due 
to the profiniteness of sheaves. A prodiserete eohomology is a eohomology of a single 
profinite Zp-sheaves on a single seheme by definition, while a eompleted eohomology 
introdueed by Emerton in HEmell is the inverse limit of the direet limit of torsion eoho- 
mologies of a eompatible system of p-adie sheaves on a tower of sehemes. Of eourse, 
Shapiro’s lemma gives an interpretation of a eompatible system of sheaves on a tower 
of sehemes as a eompatible system of sheaves on a single seheme. However, sueh an 
interpretation yields a direet limit of p-adie sheaves, and henee eompletely differs from a 
profinite Zp-sheaf. A prodiserete eohomology of profinite Zp-sheaves is eompact, while 
a eompleted eohomology of a eompatible system of sheaves on a tower of sehemes is 
Banaeh, whieh is far from eompaet. The eompaetness is important for interpolation. The 
Iwasawa algebra, whieh is eompaet, is identified with the algebra of rigid analytie fune- 
tions, and interpolation by rigid analytie funetions has good eongruenee property. On the 
other hand, the algebra of bounded eontinuous funetions, whieh is Banaeh, has infinitely 
many idempotents, and henee interpolation by eontinuous funetions does not perform so 
well. We guess that in order to eompare with the two eohomologies in a direet way, one 
needs some duality theory of sheaves extending Sehneider-Teitelbaum theory ( IIST02fl l. 
In ^2.3[ we define aetions of Gal(Q/Q) and Heeke operators on prodiserete eohomolo¬ 
gies. We verify the aetion of Heeke operators is Gal(Q/Q)-equivariant in Proposition 
12.141 We will use the aetions in a geometric construction of a p-adic family of Galois 
representations assoeiated to modular forms. 

In ^3.1[ we give an explieit way to interpolate Sym*'“^(Qp) along weights k 6 N n 
[2, oo). Although the dimension of Sym*'"^(Qp) for eaeh k 6 N n [2, oo) are pairwise 
distinet, there are infinite dimensional extensions of them as is shown in Theorem 13.81 
and Remark 13.131 They share the underlying topologieal modules, and henee ean be 
easily interpolated. In ^3.21 we ranstruet a profinite module over the Iwasawa algebra 
with a eontinuous aetions of Gal(Q/Q) and T^'*. We verify the finiteness of it as a mod¬ 
ule over the topologieal ring generated by the Iwasawa algebra and Heeke operators in 
Theorem 13.201 In ^3.31 we introduee a notion of a A-adie domain in Definition 13.261 
Roughly speaking, it is a 1-dimensional topologieal algebra over the Iwasawa algebra 
with “enough arithmetie points” and “the identity theorem’. We define a notion of a 
modular form over a A-adie domain. As is shown in Remark 13.321 the redueed eigen- 
eurve admits a smooth alteration with an open eovering of the eomplement of a diserete 
subspaee by Q^-analytie spaees assoeiated to A-adie domains. In partieular, there are 
plentiful modular forms over A-adie domains. We verify a eertain finiteness of the spaee 
of modular forms over a A-adie domain in Theorem I3.37[ In ^3.41 we generalise a re¬ 
sult of nGro90ll in Theorem 13.481 B. H. Gross proved that for any normalised euspidal 
eigenform over of weight 2 and level N, the quotient of the rational Tate module of 
the Jaeobian of Ti(A^) by the eorresponding system of Heeke eigenvalues is naturally 
isomorphic to the Galois representation assoeiated to the cusp form twisted by a eharae- 
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ter in the proof of [|Gro90ll Theorem 11.4, and we loosen the restrietion of weight 2 to 
weight > 2. Finally, we eonstruet a p-adic family of Galois representations associated to 
modular forms in Theorem l3.51l of finite slope. 


1 Preliminaries 

In this section, let p denote a prime number. We recall several notions of algebraic objects 
with topologies. We also recall modular forms and Hecke algebras. 

1.1 Topological Modules over Topological Rings 

A topological monoid is a monoid G endowed with a topology such that the multiplica¬ 
tion G X G G: {g,g') gg' is continuous. A monoid is always equipped with the 
discrete topology unless specified so that it is regarded as a topological monoid. A topo¬ 
logical group is a topological monoid G such that its underlying monoid is a group and 
the inverse G ^ G: g g“Ms continuous. A topological group is said to he Abelian 
if its underlying group is Abelian. A topological group admits two canonical uniform 
structures compatible with its topology, and for an Abelian topological group, the two 
canonical uniform structures coincide with each other. Therefore we always equip a 
topological Abelian group with the canonical uniform structure. 

Example 1.1. Let G be a topological monoid. We denote by G°p the opposite monoid of 
G endowed with the topology induced by the identity map (0°^: G ^ G°p : g g°'’ of 
the underlying sets. Then G°p is a topological monoid. If G is a topological group, then 
so is G°P, and the map G ^ G°p : g (g“^)°P is a homeomorphic group isomorphism. 

Example 1.2. Let 7 be a set, and G = (G,),g/ a family of topological monoids (resp. 
topological groups). Then the direct product WiejGi is a topological monoid (resp. a 
topological group) with respect to the direct product topology. 

Let M be an Abelian group. The set {m -l-c M \ (m, n) e MxN) forms a basis of 
a topology on M, and we call ^M,p the p-adic topology on M. Then M is an Abelian 
topological group with respect to the p-adic topology on M. We say that M is p-adically 
separated (resp. p-adically complete) if the group homomorphism 

lm,p '■ M lim Mjp''M 

reN 

m (m -I- p'’M)“ 0 

is injective (resp. an isomorphism). By definition, the p-adic topology on M is the weak¬ 
est topology for which lm,p is continuous with respect to the inverse limit topology of the 
discrete topology on the target. In particular, M is p-adically separated (resp. p-adically 
complete) if and only if M is Hausdorff (resp. complete) with respect to the p-adic topol¬ 
ogy (resp. the canonical uniform structure associated to the p-adic topology). 
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Example 1.3. Let / be a set, and M = a family of /)-adically separated (resp. 

p-adically complete) Abelian groups. Then the direct product Ois/M is a p-adically 
separated (resp. p-adically complete) Abelian group. The direct product topology of the 
p-adic topologies does not necessarily coincide with the p-adic topology on the direct 
product. 

Proposition 1.4. Let M and N be Abelian groups. Every group homomorphism M ^ N 
is continuous with respect to the p-adic topologies. 

Proof. Let ip: M ^ A be a group homomorphism. We have 



m'€ker(^) 


for any (m, r) 6 M x N. It ensures the continuity of (p. 


□ 


A Zp-module is said to be p-adically separated (resp. p-adically complete) if its un¬ 
derlying Abelian group is p-adically separated (resp. p-adically complete). For any p- 
adically complete Abelian group M, the natural action of on the target of Lm,p makes M 
a Zp-module. Therefore the notion of a p-adically complete Abelian group is equivalent 
to that of a p-adically complete Zp-module. 

Example 1.5. Every finitely generated Zp-module is p-adically complete, while there is 
no non-trivial Qp-vector space which is p-adically separated. 

Proposition 1.6. Let M be a p-adically complete Xp-module. For any Zp-submodule 
L <z M closed with respect to the p-adic topology, the canonical projection M -» M/L is 
a quotient map with respect to the p-adic topologies. 

Proof. Let (p: M ^ M/L denote the canonical projection. The continuity of ip follows 
from Proposition ! L4[ We have ip{m -v p’'M) = {m-\- L)-\- p\MIL) for any (m, r) 6 M x N, 
and hence tp is an open map. Thus the surjective map ^ is a quotient map. □ 

In this paper, a ring is always assumed to be unital and associative, but not necessarily 
commutative. A topological ring is a ring R endowed with a topology such that 7? is a 
topological Abelian group with respect to the addition R x R ^ R : (r, r') r r', and 
is a topological monoid with respect to the multiplication R x R ^ R : (r, r') i-^ rr'. We 
always equip a topological ring with the canonical uniform structure associated to the 
topological Abelian group structure given by the addition. A topological ring is said to 
be commutative if its underlying ring is commutative. 

Example 1.7. For a ring R, the p-adic topology on R is the p-adic topology on the ad¬ 
ditive group of R. Since p”i? c i? is a two-sided ideal for any n 6 N, iR^p is a ring 
homomorphism, and hence is a topological ring with respect to the p-adic topology. 

Remark 1.8. Let be a topological ring. The unit group R^ c is a submonoid of R 
with respect to the multiplication, and we regard it as a topological monoid with respect 
to the relative topology. It is not necessarily a topological group. For a topological group 
G, we call a continuous monoid homomorphism G ^ 7?^ a continuous character. 
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Let 7? be a topological ring. A topologicalR-module is a topological Abelian group M 
endowed with a structure of a left module over the underlying ring of R on the underlying 
Abelian group of M such that the scalar multiplication R x M M: (r,m) rm is 
continuous. A topological 7?-module is said to be a discrete R-module if its underlying 
topology is the discrete topology, is said to be a finite R-module if it is a discrete R- 
module whose underlying set is a finite set, and is said to be a profinite R-module if it is 
homeomorphically isomorphic to the inverse limit of finite 7?-modules. For a topological 
7?-module M, we denote by the set of open 7?-submodules of M. A topological R- 
module is said to be linearly complete if the continuous 7?-linear homomorphism 

M lim MIL 

m {m + 

is a homeomorphic isomorphism. For any linearly complete topological 7?-module, 
forms a fundamental system of neighbourhoods of 0. Every discrete 7?-module is linearly 
complete. In particular, every finite 7?-module is linearly complete. Every inverse limit of 
linearly complete topological 7?-modules is linearly complete. Therefore every profinite 
7?-module is linearly complete. 

Example 1.9. Eor any ring R and left 7?-module M, M is a topological 7?-module with 
respect to the ;?-adic topologies on R and M. 

Example 1.10. Eet 7? be a commutative topological ring. Eor linearly complete (resp. 
profinite) 7?-modules Mq and Mi, we set 

Mq^rMi := lim (Mo/Lq) <S)r (Mi/Li), 

(Lo,Li)ea'Mf,xa'Mi 

and endow it with the inverse limit topology of the discrete topologies. Then Mq®rMi is 
a linearly complete (resp. profinite) 7?-module. 

Proposition 1.11. Let R be a commutative topological ring with underlying ring |7?|, and 
Mq, Ml, and M2 linearly complete R-modules with underlying \R\-modules \Mq\, \Mi\, 
an J I M 2 1 respectively. For any continuous R-linear homomorphism f: Mi M 2 , there 
uniquely exists a continuous R-linear homomorphism 


Mq®rMi —> Mq®rM2 


extending the \R\-linear homomorphism 


id|Mo| ® / • l-^ol ®|R| 1-^11 ^ l-^ol ®|R| 1-^21 

mo<8)mi 1 -^ mo<S)/(mi). 

Moreover, if Mq and Mi are profinite R-modules and f is surjective, then so is id^o®/. 
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Proof. The uniqueness is obvious because the image of \Mq\ (g)|R| \Mi \ is dense in Mo<S)rMi 
and Mo^rM2 is Hausdorff. The |7?|-linear homomorphism id|Moi<S)/ induces a well-defined 
i?-linear homomorphism 

MqILq (8)|r| Ml!Li MqILq (g)|R| M 2 /L 2 

(niQ + Lq) (nii + Li) (mo -I- Lo) <g) (/(mi) -I- L 2 ) 

continuous with respect to the discrete topologies for any (Lq, Ti, L 2 ) 6 ^Mo ^Mi X 
with /(Li) c L 2 . Since / is continuous, /■'/L 2 ) 6 for any L 2 6 Gm 2 , and hence 
we have {L 2 g \ ^Li e ^Mi,s.t. /(Li) c L 2 } = Therefore taking the inverse 
limit, we obtain a continuous 7?-linear homomorphism Mmo®/: Mo<S)rMi ^ Mq®rM 2 
extending id|Moi ® / by the continuity of /. Suppose that Mq and Mi are profinite R- 
modules and / is surjective. The image of |Mo|<S)|r||M 2 | is dense in Mq®rM 2 , and coincides 
with the image of |Mo| <S)|r| |Mi| by Mmo®/- Since Mq and Mi are profinite 7?-modules, 
so is Mo<8)rMi. It ensures that Mmo®/ is a continuous homomorphism from a compact 
module to a Hausdorff module, and hence is a closed map. Thus id^o®/ is surjective. □ 

Proposition 1.12. Every profinite "Lp-module is p-adically separated, and its p-adic 
topology is finer than or equal to its original topology. 

Proof. Let M be a profinite Zp-module. Since M is Hausdorff, the second assertion im¬ 
plies the first assertion. Since the topology of a linearly complete Zp-module is generated 
by open Zp-submodules, it suffices to verify that for any open Zp-submodule L c M, there 
is an r G N such that p''M c L. Since M is compact, L is of finite index as an additive sub¬ 
group of M. Therefore M/L is a Zp-module whose underlying group is a finite Abelian 
group, and hence there is an r G N such that p^M/L) = 0. It implies p''M <z L. □ 

Corollary 1.13. For a p-adically separated "Zp-module M and a profinite 'Zp-module N, 
every Zp-linear homomorphism M ^ N is continuous with respect to the p-adic topology 
on M. 

Proposition 1.14. Let R be a compact topological ring, and M a topological R-module. 
Then M is a profinite R-module if and only if M is a compact Hausdorff R-module such 
that the set of open Z-submodules forms a fundamental system of neighbourhoods ofO. 

Proof. The necessary implication follows from Tychonoff’s theorem. Suppose that M is 
a compact Hausdorff 7?-module such that the set of open Z-submodules forms a funda¬ 
mental system of neighbourhoods of 0. In order to verify that M is a profinite 7?-module, 
it suffices to show that forms a fundamental system of neighbourhoods of 0. Let 
L c M be an open Z-submodule of M. By the continuity of the scalar multiplication 
Rx M ^ M, there are an open neighbourhood I G RofO e R and an open Z-submodule 
L'^ c M such that {//1 (/, /) g 7 x L'fi c L. For each r e R,we denote by r - 1 - 7 the subset 
{r -I- z I / G 7} c R, which is open by the continuity of the addition R x R ^ R. Since R 
is compact, the open covering {r - 1 - 7 | r G 7?} admits a finite subcovering. Suppose that 
{r/, -I- 7 I /z G N n [1, J]} covers R for ad eN and an G 7?^. By the continuity of the 
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scalar multiplication Rx M ^ M again, there is an open Z-submodule c M such that 
{riJ \ I £ L'^] c L for any h £ N D [1, J]. Put L' := PlLo^/r Then L' generates an open 
7?-submodule contained in L. □ 


Proposition 1.15. Let R be a commutative compact Hausdorff ring with the underlying 
ring |7?|, and M a finitely generated \R\-module. For any finite subset S c M of generators, 
the quotient topology on M with respect to the surjective \R\-linear homomorphism 

R^ ^ M 
(rfises 1-^ ^ r,s 

seS 

makes M a compact Hausdorff topological R-module, and is independent of S. 


We call this quotient topology the canonical topology on M. 


Proof The first assertion follows from Tychonoff’s theorem. Let Sq,S i c M be finite 
subsets of generators with Sq c 5i. Since So generates M, for each 5 6 5i\5o, there is 
an {rs,s')s'eSo ^ with 5 = ^.v'eSo . The surjective 7?-linear homomorphism 




(rs)seSi ^ E -- E 


seS 0 


rs,s' 


\ s'eSASo } 


is a continuous map between compact Hausdorff topological spaces by the continuity 
of the addition and the multiplication, and hence is a quotient map. The second asser¬ 
tion follows from the fact that the set of finite subsets of generators of M is directed by 
inclusions. □ 


Let 7? be a commutative topological ring. A topological R-algebra is a topological 
ring endowed with a continuous ring homomorphism R ^ whose image lies in 
the centre of Every topological 7?-algebra £/ is a topological left 7?-module by the 
continuity of the multiplication sF x sF ^ sF and the structure map R sF. A topolog¬ 
ical 7?-algebra is said to be a profinite R-algebra if it is homeomorphically isomorphic to 
the inverse limit of topological 7?-algebras whose underlying topological 7?-modules are 
finite 7?-modules. Every profinite 7?-algebra is a profinite 7?-module by definition. We do 
not use the term “a finite 7?-algebra” because it is ambiguous here. 

Example 1.16. Eet K be an algebraic extension of Qp, and Ok the integral closure of Zp 
in K. Then K and Ok are commutative topological Zp-algebras with respect to a unique 
extension | |^ [0, oo) of a p-adic norm on Qp, and the relative topology oi Ok <£ K 
coincides with the p-adic topology. 

Example 1.17. Eet A be a topological space, and R a commutative topological ring. Then 
the 7?-algebra C(A, R) of continuous maps X ^ Ris a commutative topological 7?-algebra 
with respect to the topology of uniform convergence. 
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Example 1.18. Let 7? be a commutative topological ring, and a profinite 7?-algebra. 
For a linearly complete (resp. profinite) 7?-module M, we regard ^®rM as a linearly 
complete (resp. profinite) .^/-module with respect to the natural action of When 
we emphasis the structure morphism ip: R ^ £/, then we write (£/, (p)®rM instead of 
£^®rM. 

Example 1.19. Let 7? be a commutative topological ring with underlying ring \R\, and 
and commutative profinite 7?-algebras with underlying |7?|-algebras j^ol and 

respectively. Then the structure of <S)|ri I-MI as a commutative |7?|-algebra uniquely ex¬ 
tends a structure of as a topological 7?-algebra, for which is a commu¬ 

tative profinite 7?-algebra. For any profinite 7?-module M, if M is endowed with structures 
of a profinite .e^-module and a profinite -module extending the structure of a profinite 
7?-module, then there uniquely exists a structure of a profinite (.e^<S)RM)-module on M 
extending the structures of a profinite i 2 ^-module and a profinite M-module. 

Proposition 1.20. Let R be a commutative topological ring. A topological R-algebra 
is a profinite R-algebra if and only if the underlying topological ring of is a com¬ 
pact Hausdorff topological ring such that the set of open two-sided ideals of forms a 
fundamental system of neighbourhoods ofO. 

Proof Let denote the set of open two-sided ideals of . If is a profinite R- 
algebra, then s/ is homeomorphically isomorphic to the inverse limit of its quotients 
by open two-sided ideals of finite index, and hence the underlying topological ring of 
.e/ is a compact Hausdorff topological ring such that ^ forms a fundamental system 
of neighbourhoods of 0. Conversely, suppose that the underlying topological ring of 
.e/ is a compact Hausdorff topological ring such that ^ forms a fundamental system 
of neighbourhoods of 0. For any I & ^, the compactness of ensures that /I is a 
topological 7?-algebra whose underlying 7?-module is a finite 7?-module. The 7?-algebra 
homomorphism 

i: lim// 

a I—> la IfiejT 

is continuous, and the image is dense with respect to the inverse limit topology on the 
target. Since £/ is compact, l is a closed map and hence is surjective. Since £/ is 
Hausdorff, t is injective because forms a fundamental system of neighbourhoods of 
0. Thus i is a homeomorphic 7?-algebra isomorphism, and hence .s/ is a profinite R- 
algebra. □ 

Corollary 1.21. Let Rq be a commutative topological ring, R\ a commutative topological 
R-algebra, and a topological Ri-algebra. Then is a profinite Ro-algebra if and only 
if^/ is a profinite Ri-algebra. 

Corollary 1.22. Let R be a commutative topological ring, and a Zp-algebra finitely 
generated as a 'Lp-module. For any continuous ring homomorphism R sF, sF is a 
profinite R-algebra with respect to the p-adic topology on sF. 
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Proposition 1.23. Let be a topological Zp-algebra. For any Hausdorff topological sF- 
module M whose underlying Zp-module is finitely generated, the topology ofM coincides 
with the p-adic topology, and M is a profinite sF-module. 


Proof. Take a finite subset S c M of generators of the underlying Zp-module of M. By 
the eontinuity of the addition M x M ^ M and the sealar multiplieation Zp x M ^ M, 
the surjeetive Zp-linear homomorphism 


iP-m)meS 



meS 


is eontinuous. Sinee Z^ is eompaet and M is Hausdortf, ^ is a quotient map. It follows 
from Proposition !l.bi that the topology of M eoineides with the p-adie topology. Sinee M 
is finitely generated as a Zp-module, it is p-adieally eomplete. Sinee p'’ lies in the eentre 
of sF, the aetion of i?/ on M extends to a unique aetion on M/p’'M for any r 6 N. We 
have a homeomorphie 7?-linear isomorphism 


M limM/p''M, 

rsN 

and henee M is a profinite s?/ -module. □ 

Corollary 1.24. Let sF be a commutative topological Zp-algebra with a topologically 
nilpotent element e 6 . For any Hausdorff topological sF-module M whose underlying 

Zp-module is finitely generated, the continuous sF-linear homomorphism 

M limMlFM 

reN 

m {m + 


is a homeomorphie isomorphism. 

Proof. By Proposition II.23! the topology of M is given by the p-adie topology. Let 
r' 6 N\{0}. Then M/p^'M is a finite .^/-module. For any m 6 Mjp’''M, sinee e is a 
topologieally nilpotent, there is an r 6 N sueh that eHi = 0. Sinee the underlying set of 
is a finite set, there is an r 6 N sueh that e^M/p’’'M). It implies the eanonieal projeetion 
M/p'''M -» {M!p''' M)! e''{M!p''' M) = Mfip''' M e''M) is a homeomorphie .^/-linear 

isomorphism. Sinee M is finitely generated as a Zp-module, so is M/e’'M for any reN. 
Therefore M/e’'M is p-adieally eomplete, and the topology of M/e’'M eoineides with the 
p-adie topology by Proposition II .23 I for any reN. Therefore we obtain a homeomorphie 
£/-linear isomorphism 


M = limM/p'' M = limlimM/(p'' M + e'^M) = limlimM/(p'' M + FM) 

r'eN r'eN reN reN r'eN 

= limM/FM. 

reN 


□ 
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Proposition 1.25. Let R be a commutative compact Hausdorff ring with the underlying 
ring |7?|, and a commutative \R\-algebra finitely generated as an \R\-module. Then the 
canonical topology on as an \R\-module makes a compact Hausdorjf topological 
R-algebra. 

Proof. Let 5 be a finite subset S (Z of generators as an |7?|-module. The surjective 
7?-linear homomorphism 

R^ ^ 

(rfises ^ ^ r,s. 

seS 

is a quotient map by the definition of the canonical topology. Since S generates £/ as an 
i?-module, for each (s', s") e S xS, there is an (rs^s',vises such that s's" = J^^es fs.s'.vs. 
We consider the 7?-bilinear homomorphism 

V.R^xR^ R^ 

/ 

((rfises,(K')ses) ^ ^ rs,s',s"r[,rf 

ys',s"eS 

which is continuous by the continuity of the addition and the multiplication. By the 
compatibility of the quotient topology and the direct product, the continuity of V ensures 
that of the multiplication £/ x ^ £/. □ 

Definition 1.26. Let .e/ be a topological Z^-algebra. For a topological £/-module M, we 
denote by torp(M) c M the -submodule consisting of elements m e M with p''m = 0 
for some r 6 N, and by M^ee the topological £/-module flat over Zp obtained as the 
quotient M/torp(M). 

For any discrete ^/-module M, its i 2 /-submodule torp(M) is closed, and hence its 
quotient Mfree is also a discrete i 2 /-module. On the other hand, for a topological 
module M which is not a discrete -module, torp(M) is not necessarily closed, and hence 
Mfree is not neccssarily Hausdorff even if M is Hausdorff. Moreover, the correspondence 
M 'vv> Mfree docs not ncccssarily commute with direct products. 

Example 1.27. 

^ oo \ oo 

Zp = \m\Zplp''Zp ^ ^ j~~|(Z/;?''Z)free = 0. 

r€N V r=0 / free ^-0 

1.2 Topological Modules over Topological Monoids 

Let 5 be a topological space. A topological space with an action of S is a pair (X,p) 
of a topological space X and a continuous map p: S xX X. For topological spaces 
(Ao,po) and (Ai,pi) with actions of 5, an 5 -equivariant map (p: (Ao,po) ^ (Ai,pi) is a 
continuous map (p: Xq ^ Xi satisfying (p(po(s,x)) = pi(s,(p(x)) for any ( 5 , .r) 6 5 x Aq. 
Let G be a topological monoid. A G-space is a topological space (X,p) with an action of 
the underlying topological space of G satisfying the following: 
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(i) The equality p{g,p{g', x)) = p{gg', x) holds for any (g, g',x) £ GxGxX. 

(ii) The equality p(l,x) = x holds for any x e X. 

Example 1.28. Let H c C denote the upper half plain {a + b^/ - 1 \ (a,b) eRx (0, oo)}. 
Then H is an SL 2 (Z)-space with respect to the action 


SL2(Z) X H 



H 

az + b 

CZ + d 


given by linear fractional transformations. 


Proposition 1.29. Let p be a prime number. The subset 




is a closed submonoid with respect to the multipication and the p-adic topology of the 
additive group o/M 2 (Zp), and Zp is a I{Q{p)-space with respect to the action 


mp: Uoip) X Zp 



^ Zp 

(la b 
^ ^>’[[c d 



az + b 

CZ + d 


given by p-adic linear fractional transformations. 


Proof. To begin with, we verify that the image of mp actually lies in Zp. Let (A,z) 6 
Uoip) X Zp with A = I ^ ^ j . We have cz 6 pZp, J e Zp, and hence cz + d sZ^. Since 
az + b £ Zp, we obtain mp(A,z) 6 Zp. The function 

Zp X Zp X pZp X (1 + pZp) X Zp 
(a,b, c, d, z) 



is locally analytic, and hence mp is continuous. For any (A,B,z) 6 floCp) x floCp) x 


with A = 


a b 
c d 


and B = 


^ / 
g h 


, we have 


mp(A, mp{B, z)) = mp 

{ae + bg)z + (af + bh) 
{ce + dg)z + (cf + dh) 


a b 
c d 

= m. 


ez + f\ aiez + /) + b{gz + h) 


gz + h) c(ez + /) + d(gz + h) 


ae + bg af + bh 
ce + dg cf + dh 


,z\ = mp{AB,z). 


For any z 6 Zp, mp(l, z) = z by definition. Thus (Zp, mp) is a no(p)-space. 


□ 
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A topological group is said to be a profinite group if it is homeomorphically isomor¬ 
phic to the inverse limit of finite groups. The notion of a profinite group is equivalent 
to the notion of a compact Hausdorff totally disconnected group, and to the notion of a 
compact topological group such that the set of open normal subgroups forms a system of 
fundamental neighbourhoods of the unit. 

Example 1.30. Let ^ be a field, L a Galois algebraic extension of K, and S an algebraic 
variety over k. Then Ga\(LIK) is a profinite group, and for any locally constant sheaf 
^ of finite Abelian groups on the etale cohomology H*(5 L, of the inverse 
image of ^ by the base change S Xk L ^ S is a Gal(L/^)-space whose underlying set 
is a finite set. 

In the following in this subsection, let R denote a commutative topological ring, and 
G a topological monoid. A topological R[G]-module is a pair (M,p) of a topological 
7?-module M and a continuous map p: G x M ^ M such that p makes the underlying 
topological space of M a G-space and satisfies the following: 

(iii) The equality p(g, m + m') = p(g, m) + p(g, m') holds for any (g, m, m') e GxMxM. 

(iv) The equality p(g, rm) = rp(g, m) holds for any (g,r,m) e G x Rx M. 

For a topological 7?[G]-module (M,p), we denote by r(G, (M,p)) c M the closed R- 
submodule consisting of elements m £ M with p(g, m) = m for any g £ G. A topological 
i?[G]-module is said to be a discrete R[G]-module if its underlying topological 7?-module 
is a discrete 7?-module. A topological 7?[G]-module is said to he a finite R[G]-module if its 
underlying topological 7?-module is a finite 7?-module, and is said to be a profinite ^[G]- 
module if it is homeomorphically isomorphic to the inverse limit of finite 7?[G]-modules. 
The underlying topological 7?-module of a finite 7?[G]-module is a finite 7?-module by 
definition, and hence the underlying topological 7?-module of a profinite 7? [G]-module 
is a profinite 7?-module. Every profinite 7?[G]-module is a compact Hausdorff totally 
disconnected topological 7?[G]-module. 

Example 1.31. We endow M 2 (^) with the direct product topology through the 7?-linear 
isomorphism M2(7?) = given by the canonical basis of R^. Then M 2 (^) is a topological 
monoid with respect to the multiplication, and R? is a topological 7?[M2(7?)]-module with 
respect to the natural representation 

Pr2 : M2(R) xR^ ^R^ 

^ ^ ^0 ]] ( + bai \ 

y\c d j\ a\ jj \ coro + dai j ' 

For each n 6 N, we denote by Sym”(7?^,PR2) = (Sym”(7?^), Sym"(p« 2 )) the topologi¬ 
cal 7?[M2(7?)]-module obtained as the n-th. symmetric tensor product of {R^^Pri) over R. 
Identifying Sym"(7?^,P/j2) with the7?-module Til of homogeneous 

polynomials of degree n, we put 

eSym”(7?2) 
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for each {n, /) 6 N x N with i < n. 

Let (M,p) be a topological 7?[G]-module. An 7?-submodule L <z M is said to be an 
R[G]-submodule of(M,p) if p(g,l) 6 L for any (g,l) £ G x L. For instance, rM c M 
is an 7?[G]-submodule of {M,p) for any r £ R. When 7? is a commutative topological 
Zp-algebra, then the kernel torp(M) of the canonical projection M -» Mfree is an 7?[G]- 
submodule of M. 

Example 1.32. Let (M,p) be a topological 7?[G]-module. There are several examples of 
topological 7? [G]-modules induced by (M,p). 

(i) Every 7?[G]-submodule L c M is a topological 7?[G]-module with respect to the 
relative topology and a well-defined action 

p|L: GxL L 

(g, 1) ^ pig, 1), 

and we put (M,p)|L := (L,p|L). 

(ii) For any 7?[G]-submodule L of iM,p), M/L is a topological 7?[G]-module with re¬ 
spect to the quotient topology and the well-defined action 

plL:GxM/L MjL 

(g, m + L) p(g, m) + L = {p(g, m')\m £m + L}, 

and we put iM,p)IL := iMIL,plL). In particular, we abbreviate iM,p)lrM to 
iM,p)/r for each r £ R. When Ris a commutative topological Zp-algebra, then we 
put (M,p)f,^^ := (M, p)/torpiM). 

(iii) For any topological monoid H and continuous monoid homomorphism l: H ^ G, 
A/ is a topological 7?[//]-module with respect to the action 

Resgfp ): HxM M 

ih,m) piLih),m), 

and we also denote Res^(M,p) := (M,Res^(p)) simply by (M,p) as long as this 
abbreviation yields no confusion. In other words, we usually regard a topological 
R[G]-module as a topological R[//]-module. 

For a topological R[G]-module (M,p), we denote by ^(m,p) the set of open R[G]- 
submodules of iM,p). A topological R[G]-module (M,p) is said to be linearly complete 
if the natural continuous R-linear G-equivariant homomorphism 

(M,p) ^ Im (M,p)/L 
m im + 
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is a homeomorphic isomorphism. For any linearly complete i?[G]-module (M,p), 
forms a fundamental system of neighbourhoods of 0 6 M, and hence is cofinal in ^M- 
Therefore the underlying topological 7?-module of a linearly complete i?[G]-module is 
linearly complete. Every discrete 7?[G]-module is linearly complete. In particular, ev¬ 
ery finite 7?[G]-module is linearly complete. Every inverse limit of linearly complete 
topological 7?[G]-modules is linearly complete. Therefore every profinite i?[G]-module 
is linearly complete. 

Example 1.33. Eet (Mo,po) and be linearly complete (resp. profinite) R[G]- 

modules. Then the continuous actions po and pi induce a continuous action 

Pq®Pi I G X {Mq®]:(M\) —> 

for which {Mq,p)®r{Mi,p\) := {Mq®rMi, pQ®pi) is a linearly complete (resp. profi¬ 
nite) i?[G]-module. When (Mo,po) is the underlying topological 7?[G]-module of a com¬ 
mutative profinite 7?-algebra endowed with the trivial action of G, then we regard 
s^®r{Mi,pi) as a linearly complete (resp. profinite) i 2 /[G]-module with respect to the 
natural action of . 

Proposition 1.34. For any commutative topological Zp-algebra , every Hausdorjf 
topological £/\G]-module {M,p) whose underlying Zp-module is finitely generated is 
a profinite £/[G]-module. 

Proof. Since the underlying Zp-module of M is finitely generated, it is p-adically com¬ 
plete. By Proposition 1 1.231 the topology of M coincides with the p-adic topology. Since 
p'‘M is stable under the action of G, we have a homeomorphic -linear G-equivariant 
isomorphism 

(M,p) ^ \^(M,p)lp’- 

reN 

m (m + p''M)“o. 

Thus (M,p) is a profinite i 2 /[G]-module. □ 

A topological R[G]-algebra is a pair {s^,p) of a topological i?-algebra and a con¬ 
tinuous map p: G X £/ sF such thatp makes the underlying topologicali?-module of 
sF a topological 7?[G]-module and satisfies the following: 

(iv) The equality p(g, //') = p(g, /)p(g, /') holds for any (g, fJf^Gx^x^. 

(v) The equality p{g, 1) = 1 holds for any g e G. 

We remark that when G is a topological group, then the condition (v) follows from other 
conditions. Eor any topological i?[G]-algebra (^/,p), we have p(g,rl) = rp(g, 1) = rl 
by the condition (v) for any (g, r) 6 G x R, and hence the image of R is contained in 
r(G, (^/,p)). A topological 7?[G]-algebra is said to be commutative if its underlying 
topological i?-algebra is commutative, and is said to be a profinite R[G]-algebra if it is 
homeomorphically isomorphic to the inverse limit of topological i?[G]-algebras whose 
underlying topological 7?-modules are finite i?-modules. 
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Example 1.35. Suppose that G is a profinite group, and let denote the set of open 
normal subgroups of G. Then 


Zp[[G]] := Im Zp[G/K] 

Ke&a 

is a profinite Zp[G]-algebra with respeet to the inverse limit topology of the p-adie topolo¬ 
gies, and we call it the Iwasawa algebra associated to G. It admits a natural embedding 
G Zp[[G]]^, for which for any profinite Zp[G]-module there uniquely ex¬ 

ists a structure on M as a profinite Zp[[G]]-module extending the structure as a profinite 
Zp[G]-module. In particular, for any profinite Zp-algebra with a continuous character 
G ^ (Remark ll.81) . the natural structure on ^ as a profinite Zp[G]-algebra uniquely 
extends to a structure as a profinite Zp[[G]]-algebra. We call this property the universality 
of the Iwasawa algebra. 

Proposition 1.36. Let (,X,p) be a compact G-space. Then C{X,R) is a commutative 
topologicalR[G°'^]-algebra with respect to the action 

p"': G°PxC(X,R) ^ C{X,R) 

^ (p"(g°P,/):x^/(p(g,x))). 

For the convention of G°p, see Example ll.li 

Proof. We verify the continuity of p^. For each / 6 C{X,R) and open subset J <z R, put 
f + C(X, J) := {/' 6 C(X,R) I (/'-/)(x) e J,'^x e X}, which is an open neighbourhood of 
/, and the set of such subsets forms an open basis of C(X, R) by the definition of the topol¬ 
ogy of uniform convergence. For any open subset 7 c i?, we have p^(g°P, /) 6 C(X, J) 
for any (g°P, /) 6 G°p x C(X, J) by the definition of p^. Let (g°P, /o) G G°p x C(X, R), and 
I c C(X, R) be an open neighbourhood of p'^ig^^, /o). Take an open neighbourhood J c R 
of 0 such that p^(go^,/o) + C(X, J) is contained in I. By the continuity of the addition 
R X R ^ R and the additive inverse R ^ R \ r -r, there is an open neighbourhood 
JocRofO such that r - r' + r” e J for any (r, r', r") e JqX JqX Jq. For any x eX, the 
set Ux '■= {x' G X I /o(x') - /o(x) G 7o} is an open neighbourhood of x by the continuity 
of /, the addition Rx R ^ R, and the additive inverse R ^ R: r -r. For any x G X, 
the preimage c G x X is an open neighbourhood of (go, x) by the continuity 

of p, and hence there are open neighbourhoods G] c G and c X of go and x respec¬ 
tively such that UlxUl c p-^t/pteo.p)’ or equivalently, /o(p(g', x')) - foipigo, x)) G 7o 
for any (g',x') e U\x U^. We denote by ^ the set of triad (x, G], G^) of x G X, an 
open neighbourhood G_J c G of go, and an open neighbourhood G^ c X of x such that 
/o(p(g',x')) - /o(p(go,- t)) g 7o for any (g',x') G G] x Uf Since X is compact, the 
open covering {G^ | ^x G X, ^G^ c G, s.t. (x, G', G^) G ’if} admits a finite subcovering 
= {Uf I z G N n [1,7]}. For each z g N n [1,7], take an x,- G X and a G| c G with 
(xi, G],, Gf) G and formally put G^. := U^. We do not mean Uf = G^ even though 
Xi = Xj. Set G^ := nf=i ^1. c G. We denote by (G^)°p c G°p the image of G^ It is an 
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open neighbourhood of Let /') 6 t/^ x (/q + C(X, 7o))- For any x e X, there 

is an / 6 N n [1, J] such that x 6 U^., and we have 

= f'(p(g',x)) 

6 r(p(Ul^ X Ul)) c = f ({^' 6 ^ I /o(^') - /o(P(^o, ^0) 6 7o}) 

C ((/' - /o) + /o) {.W 6 X I foix) - fo(p(go, Xi)) 6 7o}) 
c ^0 + (/o(p(gOj Xi)) + Jq) C 7o + ((/o(p(,?05 -^)) ~ Jo) + -^o) C p'^(go’’, fo)(x) + J- 

It implies p'^ig', f) 6 p'^igo, fo) + C(X, 7). Thus is continuous. 

We verify the other conditions. For any (g°P, /z°p, /) 6 G°p x G°p x C(X,7?), we have 

pV(^op^op^ /) = p''((/zg)°P, /) = /(p(/zg, .r)) = f(p(h,p(g, x))) = f)(p(g, x)) 

= p\g^^p\h°'^J)){x), 

for any x & X, and hence p'^ (g°'^, p'^ (h°'P, f)) = p'^ , f). For any / e C(X,R), we 

have 


p"(l°p,/)W = /(p(lT^)) = /W 

for any x &X, and hence p^(l°P,/) = /. For any ig°'^,f,f') e G°p x C{X,R) x C{X,R), 
we have 


p''(,?°'’, / + f')(x) = (/ + f')(p(g, x)) = f(p(g, x)) + f'(p(g, x)) 

= p''(gZf)(x)+p''(g^P,f')(x), 

for any x e X, and hence p^(g°P, / + /') = P^(g°P, /) + P^(g°^, /')• For any (g°P, r, /) 6 
G°Px7?xC(X,7?), we have 

P'^(g°'^,rf)(x) = (rf)(p(g,x)) = r(f(p(g,x))) = rp'^(g°'^, f)(x), 

for any x £ X, and hence p^(g°P, rf) = rp'^(g°'^, /). For any (g°P, /, /') 6 G°p x C(X, R) x 
C(X,R), we have 

p''(g°'^,ff')(x) = (ff)(p(g,x)) = f(p(g,x))f'(p(g,x)) =p^(g°P,/)(v)p^(g°P,/')(.r), 
for any x eX, and hence p^(g°P, //') = p^(g°P, /)p'^(g°P, /')• For any g°P 6 G°p, we have 

p^(g°P, l)(.r) = l(p(g,.r)) = 1 = l(.r), 

for any x &X, and hence p''(g°P, 1) = 1. Thus (C(X,R),p'^) is a commutative topological 
7?[G°P]-algebra. □ 

Definition 1.37. Let £/ be a topological 7?[G]-algebra. A continuous map k: G —> is 
said to be a crossed homomorphism k: G ^ ix^,p) if it satisfies a:(1) = 1 and K{gg') = 


17 



K{g)p{g, K{g')) for any {g, g') G. For a crossed homomorphism /c : G ^ (^,p), we 

define a map 


Pi^: Gx £/ £/ 

(gj) ^ K(g)pigJ), 

and call it the action of G on {£/,p) of weight k. 

Proposition 1.38. Let be a topological R[G]-algebra, and k: G ^ {■s^,p) a crossed 
homomorphism. Then (£/,pid is a topologicalR[G]-module. 

Proof The continuity of follows from that of p, k, and the multiplication xs^ —> . 

We have 


pK{g,pK{g'J)) = pKig,K{g')pig'J)) = K{g)p{g,K{g')p{g',f)) 
= K(g)K(g')pig, pig', f) = Kigg)pigg, f) = PKigg, f) 

for any (g, g', f) e G x G x £/. We have 

p,(l,/) = <l)p(l,/) = / 


for any f e . We have 

pKig, / + /') = Kig)pig, / + /') = Kig)pig, f) + Kig)pig, f) = pAg, f) + pAg, f) 

for any ig,f,f') e Gx x sA. We have 

pAg, rf) = Kig)pig, rf) = Kig)rp{g, f) = rKig)pig, f) = rpAg, f) 

for any (g,r,f)eGxRx . Thus isA',pA) is a topological i?[G]-module. □ 

Corollary 1.39. Let iX,p) be a compact G-space, and k.G^ C(X,i?): g Kg a 
continuous map such that a-j = 1 and Kggfx) = Kgipig', x))KgAx) for any (g,g',x) £ 
G X G X X. Then C(X,R) is a topological R[G°^]-module with respect to the action 

p;^: G°PxC(X,i?) ^ CiX,R) 

ig'"^, f) ^ (pI f)' Kgix)fipig, x))). 

Proof We abbreviate k o to k. We have p^(g°P, /) = Kg'=vp'^ig°^, f) for any (g°P, /) 6 
G°P X CiX,R). Therefore by Proposition 1 1 .361 and Proposition II .381 it suffices to verify 
that /c is a crossed homomorphism G°p ^ (C(X,7?),p^). For any (g°P, ig'f^^f) £ G°p x 
G°PxC(X,7?),we have 


/Cgop(g/)op(x) = %'g)op(;c) = K(g>)ov{pig, x))Kg<,AX) = p'^ig°'^, K(gyv)ix)Kg'=AX) 


for any x £ X, and hence A:gop(g/)op = Kgo^p'^{g°'^, K(giyv). Thus k\ G°p ^ iCiX,R),p'^) is a 
crossed homomorphism. □ 


18 






Example 1.40. By Proposition ll ■29l and Proposition ! 1.361 C(Zp, Zp) admits an action 
of no(p)°P such that (C(Zp, Zp), mp is a commutative topological Zp[no(p))°P]-algebra. 
For any continuous group homomorphism Zp ^ Zp the map 

K{x)-.I^o{p) C(Zp,Zp) 

(" P « jrta + rf) 

satisfies the eonditions in Corollary II .39! with respect to nip, where z := idz^. Indeed, we 
have 


Kix) 


a 

c 


b 

d 


g h II '^^’Wce + dg cf + dhil 


= ^((ce + dg)z + (cf + dh)) = x(c(ez + f) + d(gz + h)) = x\(gz + h)\c 


(ez + f 
gz + h 



X(gz + h)x\c ^^^^{ +d 
gz + h 


k(x) 


e 

g 



e f 
8 h 



(( c J )’( g )) ^ ^ 

{m),)KX) of no(p)°P on C(Zp,Zp). 


Thus we obtain a continuous action 


1.3 j!?-adic Modular Forms and Hecke Algebras 

Let // be a positive integer with N > 5, and p a prime number dividing N. Heneeforth, 
we fix an algebraic closure Qp of Qp and an isomorphism (p ^o: Qp ^ C of fields. We 
recall p-adic modular forms. 

Let 7? be a eommutative topologieal ring. For each formal power series f(q) = 
Zr=o over R, we put ah(f) ■= 6 R for each 6 N. Suppose that i? is a sub¬ 

ring of Qp. Let 6 N n [2, oo). A modular form over R of weight k and level N is an 
element of the i?-algebra 7?[[(5r]] of formal power series whose image in C[[(?]] is a mod¬ 
ular form of level Fi (N) of weight k. The notion of modular forms over R is compatible 
with extensions of i? if i? eontains Zp by 1DI95II Theorem 12.3.2 and Theorem 12.3.4/2, 
and henee then coincides with the usual definition given as an i?-linear eombination of 
modular forms over Zp. See also IIDR73II VII 3.7. We denote by M^(Fi(V),R) c R[[^]] 
the R-submodule of modular forms over R of weight k. For a modular form over R of 
weight k and level N, we eall its image in C[[<?]] its corresponding modular form. A 
modular form over R of weight k and level N is said to be a cusp form over R of weight k 
and level N if its eorresponding modular form is a eusp form. 

Identifying Mi.(Fi(V), Qp) as the C-veetor spaee of modular forms of weight k, we 
have a Qp-linear aetion of Heeke operators on it. Here a Heeke operator means one of op¬ 
erators T{ for a prime number k and diamond operators (h) for an n G (Z/VZ)^ ( [|Hid86ll 
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§1 p. 549, HEmelOII §1.2 p. 4-5). Let e: {XINXY —> be a Dirichlet character. We de¬ 
note by M^(ri(A^), e, R) c M,t(ri(A^), R) the i?-submodule of elements whose correspond¬ 
ing modular forms are contained in the kernel of (n) - Lp oo{e(n)) for any d 6 (Z/A^Z)^. 
We denote by 7?[6] c the i?-subalgebra generated by the image of e. Operators Te for 
a prime number £ and 5 „ for an n 6 Z coprime to N act on Mj.(ri {N), e, i?[6]) through the 
embedding into M^(ri(A^), Q^). The action is given explicitly in the following way: 


Tf. M,iYm,e,R[e]) 
fid) 

S,:M,(rdN),e,R[e]) 

fid) 


h-> 


h-> 


aehif)d’^ + Z/T=o ahif)ei£ + 


M,(rm,e,R[e]) 
{ 2/7=0 

1 Ifh=Qachif)d^ 

M,(rm,e,R[e]) 

ein + NZ)Tf-^f{q). 


■i^eh 


iUN) 

ii\N) 


A modular form f{q) over R of weight k is said to be an eigenform over R of weight k and 
level N if its corresponding modular form is an eigenform. It is equivalent to the condition 
that there is a Dirichlet character 6/ such that the image of / in M^(ri(A),i?[6/]) lies in 
M^(ri(A), 6f,R[ef]) and is a simultaneous eigenvector of Hecke operators. An eigenform 
/ over R of weight k is said to be normalised if adf) = 1. A cuspidal eigenform over R 
of weight k and level N is an eigenform over R of weight k and level N which is a cusp 
form over R of weight k and level N. 


Example 1.41. Let k 6 N n [2, oo) be an even number. Then the formal power series 




/l=l 


I d\h 




is a normalised eigenform over Q of weight k and level N which is not cusp. Here Bj, e Q 
is the k-th Bernoulli number. 


Let ko 6 N n [2, oo). We denote by T^^q^a? c Lnd 2 ^(M^:(,(ri(A),Zp)) the commutative 

Zp-subalgebra generated by Hecke operators. Since M^g(Li(A), Q^) is a Qp-vector space, 
Tjt„_A? is torsionfree as a Zp-module. Since CiS>Zp'Yko,N is isomorphic to a C-vector subspace 
of Lndc(H*(Li(A), Sym^°“^(C^,Pc 2 ))) by the Lichler-Shimura isomorphism ( IIShi59ll 5 
Theoreme 1, [|Hid93l 6.3 Theorem 4), it is finite dimensional as a C-vector space. By the 
equality 

T/:o,v = End^^ n (Qp ®Zp Tjtow) 

as Zp-algebras of LndQ^^(Mjto(ri(A),Qp)) = Qp ®Zp Lndz^(M;to(ri(A^),Zp)), T^^^a, is a Zp- 
algebra finitely generated as a Zp-module. In fact, the finiteness can be verified with no 
use of the Lichler-Shimura isomorphism, because Hecke operators act on M^Q(ri(A),Z) 
by IIDI95II Proposition 12.3.11 and [1DI95II Proposition 12.4.1. Lor any n 6 N with n e 
1 -I- AZ, we have S„ = n^°~^{n + NZ) = -l- NZ) = 6 T^o,a?, and hence is 

invertible as an element of Tko,N because n is coprime to p. The map 

Nn(l+AZ) ^ T^^,, 
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n 1 -^ ^ = S „ 

is a monoid homomorphism with respect to the multiplication, and it extends to a contin¬ 
uous character 


5.:l+iVZ, ^ 

n 1 -^ . 

By the universality of the Iwasawa algebra, S, associates a continuous Z^-algebra homo¬ 
morphism Zp[[l -l-A^Zp]] ^ and we regard as a profinite Zp[[l-l-A^Zp]]-algebra. 


The Zp-bilinear pairing 

(% •) : Tj(:oW ®Zp Qp) —^ Qp 

(A,/) ^ (A,/) :=ai(A/) 
is non-degenerate, and induces a Qp-linear isomorphism 

MA:o(ri(A^), Qp) ^ Homzp(Tjto,A?, Qp) 

by [|Hid93l 5.3 Theorem 1. Therefore the subset of Mj,g(ri(N),Qp) consisting of nor¬ 
malised eigenforms corresponds to the subset of Qp) consisting Zp-algebra 

homomorphisms. Let / be a normalised eigenform / over Qp of weight k^. We denote by 
d/: Tjto^AT —> Qp the Zp-algebra homomorphism corresponding to /, and call it the system 
of Hecke eigenvalues associated to f. We have a/,(/) = Af{Th) for any h 6 N\{0}. In 
particular, if / is a cuspidal eigenform over Qp of weight kQ and level N, then we have 
/ = Zr=i ^f{Th)q^- Since is finitely generated as a Zp-module, the subextension 
Qp(/) of Qp/Qp generated by {a/,(/) | /? 6 N} = {df{Th) | /? 6 N} is a finite extension of 
Qp. We call Qp{f) the p-adic Hecke field associated to f. 


We denote by 


^<ko,N 


c End? 


ko _ \ 

0M,(ri(fV),Qp) 

V k=2 


the commutative Zp-subalgebra generated by for each prime number i and S „ for each 
n 6 N coprime to N acting in a diagonal way. By the universality of the Iwasawa algebra, 
we have a continuous Zp-algebra homomorphism Zp[[l -l- N’Lp]] ^<ko,N sending each 
n 6 N n (1 -I- NT,) c 1 -I- Zp to the Hecke operator S„■ There is a natural embedding 
T<jto,v W*k =2 "^k,N by definition, and hence "kl<ko,N is finitely generated as a Zp-module. 
We endow T<^q a? with the p-adic topology, and regard it as a profinite Zp[[l -l- //Zp]]- 
algebra. We put 


Ta? lmiT<^. Af, 

keH 
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and regard it as a profinite Zp[[l + A^Zp]]-algebra. 

Let A:() 6 N n [2, oo). Henceforth, we fix a p-adic norm I • I: Qp ^ [0, oo), and endow 
Qp with a unique non-Archimedean norm I • I: Qp ^ [0, oo) extending the p-adic norm 
on Qp. We denote by Zp c the valuation ring. It is an integral closure of Zp in Q^, 
and hence is independent of the choice of the p-adic norm on Qp. It is well-known that 
M;to(ri(A^),Qp) c Qp[[^]] is contained in the image of Zp[[q]] Qp, and hence we 
endow Mi;„(ri(A), Q^) with the non-Archimedean norm |i • || given by setting 

ll/ll := max|a/,(/)| < oo 

heH 

for each / 6 M^g(ri(A),Qp). An / e M^g(ri(A), Q^) is said to be of finite slope if 
/ e T’^(Mk,(Yi(N),Qp)) for any /z e N. We denote by the Tp-stable 

Qp-vector subspace of Mi.g(ri (N), Qp) consisting of modular forms of finite slope. Since 
Hecke operators commute with each other, M,tQ(ri(A), Qp)^“ c M/ig(Yi(N), Qp) is stable 
under the action of the other Hecke operators. Since M,(.Q(ri(A), Q^) is a finite dimen¬ 
sional Qp-vector space, the decreasing sequence (Tp(M/,g(Yi(N),Qp)))f^Q is eventually 
stable. It implies that the restriction of Tp on M,(.Q(ri(A), Qp)^“ is bijective. Moreover, 
since M/,g(Yi(N), Qp)^‘” is a finite dimensional Qp-vector space, the restriction of Tp on 
Mi:Q(ri(A), Qp)^“ and its inverse are continuous with respect to the norm topology. 

Let s e N\{0}. An / g M^g(Yi(N), Qp) is said to be of slope < 5 if / is of finite slope 
and limp_^c>o \\(p^Tp^)'^f\\ =0. If / is an eigenform, then it is equivalent to the condition 
that the system Af: Qp of Hecke eigenvalues associated to / satisfies \Af(Tp)\ > 

\p\Y Let 7? c Qp be a subring. An / G M<.Q(ri(A),7?) is said to be of slope < 5 if / is a 
modular form over Qp of slope < 5. We denote by Mkg(Yi(N),R)^^ c Mkg(YfN),R) the 
i?-submodule of modular forms of slope < s. Since Hecke operators commute with each 
other, Mk^^(Yi(N), Qp)^^ c Mi^(Yi(N), Qp) is stable under the action of Hecke operators. 
We denote by c EndQ^(M;to(ri(A^), Qp)^Q the image of T^tow- Since is finitely 
generated as a Zp-module, so is 

The operator Tp is invertible on MtgiYfN), Qp)^* by definition. We denote by 

c Endg (M,.(r,(N),Q„)“) 

the commutativeZp-subalgebra generated by and p^Tp^. Let 
F(X) = A” + aiA”-i +--- + a„e Zp[X] 

be the minimal polynomial of Tp as an element of Since every eigenvalue of Tp 
as an element of End^ (Mi.Q(ri(A), Qp)^'*) is of norm in (ip|^ 1], we have |a;| < 1 for any 
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/ e N n [1, n], < |a„| for any / 6 N n [1, n - 1], and \p\^^ < |a„|. It implies that the 

polynomial 

Q{X) := a-^X’^P{p^X-^) = X” + + • • • + ^ 

Q.n dfi 

lies in Zp[X]. Sinee EndQ (M,tQ(ri(A/^), Q_pY^) is a Qp-veetor spaee, its Zp-subalgebra 
is torsionfree as a Zp-module. Therefore the equality anQ{p^T~^) = {p^T~^YP{Tp) = 06 
End^ (Mkg(ri(N),Qp)^^) ensures that Q(p^T~^) = 0 as an element of T^oN- implies 
that p^T~^ is integral over as an element of finitely generated as a 

Proposition 1.42. The surjective Tk^ f^-algebra homomorphism 

tS[xi ^ 

X « p‘t;' 

induces a Tk^ f^-algebra isomorphism 

Proof. By the argument above, p"(p^Tj^) 6 lies in the image of for an n 6 N. 
Therefore the flatness of Qp as a Zp-module ensures the assertion. □ 

Eor eaeh ko 6 N, we denote by 

t ko 

Tglj,cEndg^ 0Mi(r,(iV),Q,)" 

I k=2 

the image of and by 

' ^0 _ 

T2.,» c Endg^ 0 M,(r,(«, Q,)'‘ 

V k=2 

the Zp-subalgebra generated by T<;to_A? and p^Tj^. They are finitely generated as Zp- 
modules by a similar argument with that in the previous paragraph. We set 

keH 

Tr-<* 

Kn ■- mu 

keH 

and regard them as profinite T^v-algebras. In partieular, they are regarded as profinite 
Zp[[l + A^Zp]]-algebras. 
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Proposition 1.43. The continuous Tj^-algebra homomorphism 




r^<s 




P^T- 


is surjective. 

Proof. To begin with, we verify that the TA?-algebra homomorphism 

X ^ p^t;^ 

uniquely extends to a continuous T^^-algebra homomorphism 

Here Tj^'*^[X]/(X'') is regarded as a profinite -algebra with respect to the topology 
given by the canonical -linear basis (X’^Yjll for each r 6 N, and 

= limT^<^]m/(X'-), 

reN 

is endowed with the inverse limit topology. Let A:i 6 Nn [2, oo). Let P(X) = X'' +aiX'^~^ + 
■ ■ ■ + On 6 Zp[X] be the minimal polynomial of Tp as an element of Since every 

eigenvalue of the action of Tp on ^’'^'^^Mk(Ti(N),ZpY^ is of norm in (\p\f 1], we have 
|a,| < 1 for any / 6 N n [l,n], < \a„\ for any / 6 N n [l,n - 1], and |p|“ < \a„\. 

Therefore the polynomial 

Q(X) := X" + + ... + E—_ 

Ctfi 

satisfies Q(X) - X” 6 pZp[X]. Since T^^^ ^ is torsionfree as a Zp-module, the equality 

anQ{p^T-p^) = {p^T-p^rP{Tp) = 0 

in T2,,n ensures Qip'Tj^) = 0 e T^^^^ and hence (p'Tj^f 6 pT^^^N- It implies p^Tj^ 
is topologically nilpotent in ^ with respect to the jp-adic topology, because ^ is 
j!?-adically complete. Therefore p^Tj^ is topologically nilpotent in T<^^ and the T*,- 
algebra homomorphism 


^ T2. „ 

X w p‘T-^' 

uniquely extends to a continuous T^^-algebra homomorphism 

Tj'tm] ^ T2.,« 
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by the universality of the algebra of formal power series and the p-adic completeness of 
N- Thus the TA?-algebra homomorphism 

uniquely extends to a continuous TA?-algebra homomorphism 

<p: ^ T- = ImT-,, 

kehl 

by the universality of the inverse limit. The composite 

tV"'[[X]] ^ T? ^ „ 

is surjective by the definition of ^ for any A:o e N n [2, oo), and hence the image of 
(fi is dense by the definition of the inverse limit topology. Since T^^^[[2f]] is compact and 
is Hausdorff, the continuity of (p ensures its surjectivity. □ 


2 Actions on Prodiscrete Cohomologies 

In this section, let R denote a commutative topological ring, and G a monoid endowed 
with the discrete topology. We mainly consider the case where R is Zp or the Iwasawa 
algebras, and G is a submonoid of M 2 (Zp). We introduce the notion of a prodiscrete 
cohomology of a linearly complete 7?[G]-module. We compare it with the group coho¬ 
mology of the underlying module, and with the cohomology of the derived functor of 
r(G, •) o lim. We also introduce the notion of a profinite 7?-sheaf on a modular curve. The 
prodiscrete cohomology of a profinite 7?-sheaf coincides with that of the corresponding 
profinite 7?[G]-module for a suitable G under several conditions. 

2.1 Prodiscrete Cohomologies of Complete Topological Modules 

Suppose that R is discrete. The category Mod(7?) (resp. Mod(7?[G])) of discrete R- 
modules and 7?-linear homomorphisms (resp. discrete 7?[G]-modules and 7?-linear G- 
equivariant homomorphisms) naturally admits a structure of an Abelian category. The 
correspondence (M,p) r(G, gives a left exact functor r(G, •): Mod(7?[G]) ^ 

Mod(i?). We denote by H*(G, •) the cohomology of the right derived functor of r(G, •), 
and call it the group cohomology. We remark that the underlying Abelian group of the 
group cohomology of a discrete 7?[G]-module is naturally isomorphic to the group co¬ 
homology of the underlying Z[G]-module, because they can be calculated cocycles and 
coboundaries in the same way. 

Now we consider the case where R is not necessarily discrete. We denote by \R\ the 
underlying ring of R endowed with the discrete topology. For a topological 7? [G]-module 
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(M,p), the pair \(M,p)\ = (\M\, \p\) of the underlying |7?|-module \M\ endowed with the dis- 
erete topology and the indueed aetion |p|: G x \M\ \M\: (g, m) p(g, m) is a diserete 

|7?|[G]-module, and we denote by H*(G, (M,p)) the diserete |7?|-module H*(G, |(M,p)|). 
For any finite 7? [G]-module (M,p), the annihilator AnnR(M) c 7? is an open ideal, and 
aets trivially on H*(G, (M,p)). Therefore the aetion of \R\ makes H*(G, (M,p)) a diserete 
7?-module for any finite 7?[G]-module (M,p). 

For a linearly eomplete topologieal 7?[G]-module (M,p), we set 
jr*(G,(M,p)):= Im H*(G, (M,p)/L), 

and endow it with the inverse limit topology. We eall it the prodiscrete cohomology of 
(M,p), and regard it as a linearly eomplete |7?|-module. For any profinite 7?[G]-module 
(M,p), the aetion of \R\ makes J^*(G,(M,p)) a linearly eomplete 7?-module by the ar¬ 
gument in the previous paragraph. In this subseetion, we show that the prodiserete eo- 
homology has an aspeet of the eohomology of a derived funetor refleeting the topology 
of R. We remark that a derived funetor usually does not possess information of topolo¬ 
gies. For example, the eategory of topologieal 7?[G]-modules and eontinuous 7?-linear 
G-equivariant homomorphisms does not neeessarily admit a strueture of an Abelian eat¬ 
egory, and henee one should forget topologies in order to eonsider a derived funetor. 

Lemma 2.1. Let (M,p) be a first countable linearly complete R[G]-module. Then the 
natural \R\-linear homomorphism 

rf(G,(M,p))^ jr'(G,(M,p)) 


is surjective for any i 6 N. 

Proof Let c = (cLlLeff^M^) 6 M’\G,{M,p)). Sinee M is first eountable, there is a de¬ 
ereasing sequenee in sueh that {L^ | r e N} forms a fundamental system of 

neighbourhoods of 0. For eaeh r 6 N, take an f-eoeyele cl, 6 Z*(G, (M,p)ILr) represent¬ 
ing Cl,- We eonstruet an inverse system (c^ of f-eoeyeles e Z^G, (M,p)ILr) rep¬ 
resenting Cl, for any r 6 N. If / = 0, then we have Z*(G, (M,p/Lr)) = F(G, (M,p)/Lr) = 
lT{G,{M,p)/Lr) for any r 6 N, and henee (c^ )“q := (cl,)%q is an inverse system. Sup¬ 
pose i > 0. Put c'^ := clo- Assume that a eompatible system of representatives 

of taken for an ro 6 N. Sinee the image of cl,^^i in Z*(G, (M,p)ILrfi represents 

cl,^, there is a set-theoretieal map by^: G'“^ ^ MILy^ whieh assoeiates the f-eoboundary 
dbyg 6 B‘(G,(M,p)l,^) given as the differenee of and the image of Take a 

set-theoretieal lift : G*“' ^ M/Ly^^+i, and denote by 6 B'(G, (M,p)/Ly^+i) the 
f-eoboundary assoeiated to b'^^^y We set := cl,^^^ + e Z'(G,(M,p)/L^o+i). 

Then the image of in Z\G,(M,p)jLrfi eoineides with , and henee (c'^^fi'Xo is ^ 

eompatible system of representatives of (cLyYf^Q ■ By induetion on ro, we obtain an in¬ 
verse system (c^ )“q of representatives of (cl,)%o- Sinee (M,p) is linearly eomplete and 
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{Lr I r 6 N} is cofinal in ^(M,ph the i?-linear G-equivariant homomorphism 

i: {M,p) \im(M,p)/Lr 

rsN 

m (m + 0 

is a homeomorphic isomorphism. Let c : G‘ M denote the composite of the set- 
theoretieal map 

G' ^ \\m{M,p)ILr 

rsN 

i.gjyj=l ^ 

and r'. Sinee M is Hausdorff, we have and henee the eoeyele eonditions 

for c'l,. for eaeh r e N ensures the eoeyele eondition for c. Forgetting the topology of the 
target M of c, we regard c as an element of Z'(G, |(M,p)|). By the construetion of c, the 
image of its eohomology class coincides with c. □ 

Lemma 2.2. Suppose that the underlying monoid of G is finitely generated. Let (M, p) 
be a first countable profinite R[G]-module. Then the natural \R\-linear homomorphism 

H'(G,(M,p))^^'(G,(M,p)) 

is an isomorphism for any i 6 N. 

Proof. By Lemma IZTl it suffiees to verify the injeetivity of the given homomorphism. 
Let c 6 H'(G, (M,p)) be an element of the kernel of the given homomorphism. If i = 0, 
then c 6 H'(G, (M,p)) = |(A/,p)p c \M\, and sinee the image of c in H'(G, (A/,p)/L) = 
r(G, (M,p)/L) c MjL is 0 for any L 6 we have c 6 nL€^(M^) ^ = {0}- Suppose 

i > 0. Take a representative c 6 Z'(G, |(M,p)|). Put 

Z := Im ZfG,iM,p)IL) 

B := Im BfG,(M,p)/L). 

Leff^M.p) 

Since the image of c in J^fG, {M,p)) is 0, the image of c in Z lies in the image of B. Let 
S c G be a finite set of generators. The evaluation map 

Z'(G,|(M,p)|) ^ M"' 

c' • • • 5 

is injeetive by the eoeyele condition. We endow M^' and M^' * with the direet prod¬ 
uet topology. They are eompaet and Hausdorff by Tyehonoff’s theorem, beeause M is 
profinite. Sinee the eoeyele eondition is given by equalities, the eontinuity of p and the 
addition M x M ^ M ensures that the image of Z'(G, |(M,p)|) is elosed in M^', and 
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hence Z'(G, \{M,p)\) is compact and Hausdorff with respect to the relative topology. The 
continuity of p, the addition M x M ^ M, and the additive inverse M x M: m -m 
ensures that the map d: M^‘ Z'(G, |(M,p)|) associating coboundaries is continuous, 

and hence its image B^G, |(M,p)|) is closed. Since M is profinite, the 7?-linear homomor¬ 
phism 


iP^s)seS' 




N := lim (M/lf 

((nis + L)seS‘)Leff^Mj,) 




Im (M/L) 

^Le&(M,p) / 


is a homeomorphic isomorphism. By the definition of an z-coboundary, the image of 
B'(G, |(M,p)|) in Z'(G, (M,p)/L) coincides with B'(G, (M,p)/L) for any L e ff(M,py Re¬ 
garding Z'(G,(M,p)/L) as a i?-submodule of the finite i?-module (M/L)^' by a similar 
evaluation map for each L 6 &‘(M,py we identify B as a closed B-submodule of N. By the 
definition of the inverse limit topology, the image of B'(G, |(A/,p)|) is dense in B. Since 
B'(G, l(A/,p)|) is compact and N is Hausdorff, the image of B'(G, |(M,p)|) in N is closed, 
and hence coincides with B. It implies that c belongs to B'(G, l(A/,p)l), because the image 
of c in // lies in B. Thus c = 0. □ 


We remark that a group is finitely generated if and only if its underlying monoid is 
finitely generated. Indeed, for a set S of generators of a group, the underlying monoid of 
the group is generated by S U 5“^ := {g°' \ (g, cr) e S x {-1,1}}. Therefore Lemma [Z2] 
is valid also for a finitely generated group. Through the isomorphism in Lemmawe 
equip the source with the pull-back of the topology of the target instead of the discrete 
topology. The induced topology coincides with the quotient topology of the space of 
cocycles defined in the proof of Lemma [2^ Since R acts continuously on the target, we 
regard the source as a profinite B-module. 

Lemma 2.3. Suppose that the underlying monoid ofG is a finitely generated free group. 
Let (M,p) be a first countable profinite R[G]-module. Then the equality M’fG, (M,p)) = 
0 holds for any z G N Pi [2, oo). 

Proof. By Lemma IZTl it suffices to verify H'(G, (M,p)) = 0 for any z G N n [2,oo). 
By the definition of the group cohomology, it suffices to verify the equality in the case 
where R is discrete. Since the underlying monoid of G is a finitely generated free group, 
it is isomorphic to the fundamental group of a based connected 1-dimensional finite CW- 
complex C of the form SW • ■ ■ V S^ Therefore there is an equivalence between the 
category of discrete B[G]-modules and B-linear G-equivariant homomorphisms and the 
category of sheaves of B-modules on C and morphisms of sheaves of B-modules. Let 
denote the sheaf of B-modules on C corresponding to the discrete B[G]-module \{M,p)\ 
by the equivalence. We have a natural B-linear isomorphism H*(G, {M,p)) = H*(C, ^). 
Since C is a finite CW-complex, it is paracompact, and hence there is a natural B-linear 
isomorphism H*(C, = H*(C, .^). Since C is 1-dimensional CW-complex, it is of 

Cech-dimension 1. Therefore we obtain H'(C, = 0 for any z G N n [2, oo). Thus the 

assertion holds. □ 
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A complex of topological i?-modules (resp. topological i?[G]-modules) with continu¬ 
ous 7?-linear homomorphisms (resp. continuous 7?-linear G-equivariant homomorphisms) 
is said to be an exact sequence if its underlying complex of left |7?|-modules with |i?|-linear 
homomorphisms is exact. 

Proposition 2.4. Suppose that the underlying monoid of G is a finitely generated free 
group. Let {M 2 ,P 2 ), and {M 2 ,pf) be first countable profinite R[G]-modules with 

an exact sequence 


0 ^ (A/i,pi) ^ {M2,P2) (M3,P3) 0 

of continuous R-linear G-equivariant homomorphisms. Then it induces an exact se¬ 
quence 

0 ^ jr°(G, (Mi,pi)) ^ ^°(G, (M2,P2)) ^ ^°(G, (M3,P3)) 

^ jr'(G, (Ml,Pi)) ^ (M2,P2)) ^ ^1(G, (M3,P3)) 

^ 0 

of linearly complete R-modules with continuous R-linear homomorphisms. 

Proof. We have an exact sequence 

0 ^ H‘>(G, (Mi,pi)) ^ H'>(G, (M2,P2)) ^ H°(G, {M2,pfi) 

^ H‘(G, (Mi,pi)) ^ H'(G, (M2,P2)) ^ H^G, {M2,pfi) 

^ 0 

by the cohomology long exact sequence and Lemma [Ql Therefore the assertion follows 
from Lemma [2^ □ 

Lemma 2.5. Suppose that R is discrete and the underlying monoid of G is a free group 
with a basis E. For a discrete R[G]-module {M,p), the evaluation map 

ZfG,(M,p)) ^ M^ 

C 1 -^ {c(e))eeE 


is an R-linear isomorphism. 
Proof. Put 


H 

Hom(G, H)p 


if 6 Aut(M X : 


ip{m, 0) 6 M X {0}, ^m 6 M 
(,0(0,1)6 MX {1} 

\x 6 Hom(G, H) I x{8)irn, 0) = (p(g, m), 0)}. 


For each (p e H,we denote by 6 M the element with ^(0,1) = {c^, 1). The map 


Lp.Z\G,{M,p)) ^ Hom(G,//), 


29 





c (g ((m, n) {p{g, m) + nc{g), n))) 


is bijective because it admits an inverse 

Hom(G,//)p ^ Z\GAM,p)) 

X ^ [g^ Cj^ig)) ■ 

The map 

L 2 : Hom(G, H)p 

X (c^{e))eeE 

is bijective by the universality of a free group. The map 

Lr. 

{<Pe)eeE (C(^Je€£ 

is bijective because it admits an inverse 

(Ce)eeE ((m, n) (p(e, m) + nCe, . 

The composite ° 12 ° ti of bijective maps coincides with the evaluation map in the 
assertion. □ 

For an Abelian category we denote by the Abelian category of inverse systems 
of objects of ^ indexed by N and compatible systems of morphisms. 

Lemma 2.6. Suppose that R is discrete. For any inverse system of discrete 

R[G]-modules, the equality R'lim((M^)“Q, ^,) = 0 holds for any / 6 N n [2, 00 ), where 
lim is regarded as a left exact functor Mod(R[G])^ ^ Mod(R[G]). 

Proof Let ip,) be an inverse system of discrete R[G]-modules. We denote by 

^ n:“ g Mr the canonical projection for each tq e N, and by vj-\ the 
zero homomorphism Mq 0. We define an R-linear G-equivariant homomorphism 
lAro: Mr by setting fro (Mrlo) ■= (inr - (Pr(mr+i)y°Jo for each tq 6 N 

and (mrYf^Q e Mr- Then the system f, = (fr)f=Q is a morphism 

ro j fpo-l 

WMr ,TU, ^ ’^-1 

r=0 fg=o / \\r=0 /ro=o 

in Mod(R[G])^. Indeed, for any tq G N and (mrY^Y^ ^ 0^1^ Mr, we have 

i'UTro O fro-^iYimrYrYo) = nT,o((m, - ^,(m,+ i))"“^g) = (m, - (primr+OYrJo 

= froiimrYrio) = i'fro ° ^roYfnrYrYQ )- 
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By the definition of the inverse limit, we obtain an exaet sequenee 

°° lim i/r, ^ 

0 ^ v-) ^ n ^ n 

r=0 r=0 

of diserete i?[G]-modules through natural i?-linear G-equivariant isomorphisms 


oo 

f ro 'i 

OO \ 

Mr = lim 

Wm, 

1 

r=0 

\ r=0 ^ 

O 

II 

e 

OO 

fro-l 

00 \ 

]~[m, = lim 

Om, 


r=0 

V r=0 > 

ro=0 / 


We denote by lim'((M,.)“Q, ^,) the eokernel of the right arrow of the exaet sequenee. 
This eonstruetion gives a funetor Im': Mod(i?[G])^ ^ Mod(7?[G]). The system 

lim * = (lim') ^ := (lim, lim', 0,...) 

is a eohomologieal funetor with respeet to a natural eonneeting homomorphism. We 
verify that lim* is a right derived funetor of lim. 


We identify Mod(Z) with Mod(Z[{l}]), and also eonsider lim': Mod(Z)^ ^ Mod(Z). 
Let F and denote the forgetful funetors Mod(i?[G]) ^ Mod(Z) and Mod(i?[G])^ ^ 
Mod(Z)^ respeetively. By the exaetness of F and by the definitions of lim*, we have 
natural equivalenees F o lim' = lim' for eaeh i G N. In the ease where R = Z and 
G = {1}, then it is well-known that lim* is a right derived funetor of lim. In order to verify 
that lim* is a right derived funetor of Im in a general ease, it suffiees to verify that it is a 
universal effaeable funetor. Let I be an injeetive objeet of Mod(F[G])^. By HJanSSU 1.1 
Proposition b), I is isomorphie to ((Orlo some inverse system of 

injeetive objeets in Mod(F[G]) whose transition maps are 0. Therefore we have 


(( '"0 


F (im'/) = Im '(F(/)) = R' lm(F^(/)) = R' Im ]~[ F(M,) 


VVr=0 


> 


^ro=0 


= 0 


beeause ((OrLoinverse system of Abelian groups satisfying the 
Mittag-Leffler eondition. We obtain lim ' 1 = 0 for any i 6 N\{0}. Thus lim* is a universal 
effaeable funetor, and henee is a right derived funetor of lim. We eonelude that R' lim = 0 
for any / 6 N n [2, oo), and the assertion holds. □ 


Theorem 2.7. LetR be a commutative topological ring, G a finitely generated free group 
endowed with the discrete topology, {M,p) a first countable profinite R[G]-module, and 
(L,)“o ^ countable decreasing sequence of open R\Gf submodules of(M,p) such that 
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[Lr I r 6 N} forms a fundamental system of neighbourhoods of 0. Then there exists a 
natural \R\-linear isomorphism 

(M,p)) = R* (h°(G, •) o Im) i(\{M,p)/Lr\)Zo) , 

where lim is regarded as the left exact functor Mod(|i?|[G])^ ^ Mod(|i?|[G]). 

Proof Let i 6 N. We eonstruet an i?-linear isomorphism 

(M,p)) = R‘ (h«(G, •) o Im) ((|(M,p)/Ld)r=o) • 

When i = 0, then the assertion follows from the linear eompleteness of {M,p). Suppose 
i > 0. By HJanSSII 1.1 Proposition b), lim sends injeetive objeets to a direet produet of 
injeetive objeets, whieh is aeyelie with respeet to r(G, •)• Therefore we have a speetral 
sequenee 

:= ff (g, R' lim (|(M,p)/Ld)“o) ^ (h°(G, ■) o Im) ((|(M,p)/Ld)r=o) • 

Sinee (|(M,p)/L^|)“q is a surjeetive system, it satisfies the Mittag-Leffler eondition, and 
henee 


R'lim(|(M,p)/Ldr=o = 0 

by a similar argument with that in the proof of Lemma 12.61 with the forgetful funetor 
Mod(|R|[G]) ^ Mod(Z). Together with Lemma 1231 and Lemma [L6l we obtain = 0 
for any (5, t) 6 N x N with 5 > 2 or t > 1. In partieular, when i > 2, then we have 

R' (h°(G, ■) o Im) ((|(M,p)/Ld)“o) = 0 

and henee we obtain an |R|-linear isomorphism by Lemma 1231 Suppose z = 1. We have 
R'(h°(G,-) o lm)((|(M,p)/Ld)r=o) = 4” = H' (g, lm(|(M,p)//d)) 

= HVG, |(M,p)|) = H^G, (M,p)) = jri(G, (M,p)) 
by the linear eompleteness of (M,p) and Lemma 331 □ 

Thus M'*{G, •) is the eohomology of a derived funetor together with a topology and 
a eontinuous aetion of R. 

2.2 Profinite -Sheaves on Modular Curves 

In this subseetion, we introduee the notion of a profinite R-sheaf on a modular eurve in 
order to eonstruet a profinite Galois representation endowed with a eompatible aetion of 
Heeke operators. Let R be a eommutative topologieal ring R and G a topologieal monoid. 
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Definition 2.8. Let 5 be a Noetherian seheme. A profinite R-sheaf on S is an inverse 
system of sheaves on S ^ of finite 7?-modules. For a profinite 7?-sheaf ^ = {^A)AeA on S , 
we set 


AeA 

and endow it with the inverse limit topology of the diserete topologies. We eall it the 
prodiscrete cohomology of ^. 

Remark 2.9. Let 5 be a proper algebraie variety over a separably elosed field, and ^ a 
smooth Zp-sheaf on Set- Then ^ is represented by a profinite Zp-sheaf {^r)reM sueh that 

is a finite Abelian sheaf of (Z/p''Z)-modules over 5 a and the transition morphism 
induees an isomorphism (Z/p''Z) iS)z/p"+iz ^r+i - by definition. By the finiteness of 
the etale eohomology in UMilSOl Corollary VL2.8 and UMillSIl Remark 17.9, there is a 
natural Zp-linear isomorphism 

and henee the prodiserete eohomology ean be eomputed as the ordinary etale eohomol¬ 
ogy. The same holds for the ease where S is not proper but the eohomology of is a 
finite group for eaeh r e N by the vanishing of lim . 

We give an explieit eonstruetion of a profinite R-sheaf with no use of a fundamental 
group. Suppose that G is a diserete finite group. Let Yi be a Noetherian seheme with 
a G-torsor T -» Ti, where G aets on Y from the right. Let {M,p) be a finite R[G]- 
module M. For a seheme X and a set 7, we denote by X x 7 the disjoint union of eopies 
of X indexed by 7. We eonsider the right aetion of G on A7 given by setting mg : = 
p{g~^,m) for eaeh (m,g) e M x G. We endow Y x M with the right diagonal aetion of 
G over Yi. We eonsider the right aetion of G x G on T given by the first projeetion, 
on G given by setting g(gi,g 2 ) := g~i^gg 2 for eaeh (g,(gi,g 2 )) e G x (G x G), and on 
GxMxM given by setting (g,mi,m 2 )(gi,g 2 ) := {g~\^gg 2 ,p{g\\mf),p{g-\m)) for eaeh 
((g, mi, m 2 ), (gi, g 2 )) & {G X M X M) X (G X G). We endow 7 x G and Y x(Gx M x M) 
with the right diagonal aetion of G x G over Yi. Sinee 7 -» Ti is a G-torsor, we have 
(G X G)-equivariant isomorphisms 


7Xy, 7 = 7xG 

(7 X M) Xy, (7 X M) = YxiGxMx M) 


over 7i. We obtain 

(G\(7 X M)) Xy, (G\(7 X M)) = (G x G)\((7 x M) Xy, (7 x M)) 

= (G X G)\{Y X (G X M X M)) 

The map GxMxM ^ M\ (g, mi, m 2 ) mi + p{g, m 2 ) defines a morphism (7 x M) Xy, 
(7X M) = Yx{GxMxM) YxM, and induees an addition on G\(7x M) over 7i. The 
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mapA/x7? M (m,r) rm defines a G-equivariant morphism Yx(MxR) YxM, 
and induees a sealar multiplieation {G\(Y x M)) xR ^ G\{Y x M) eompatible with the 
addition. We put ((M,p))y, := G\{Y x M). Then ((M,p))¥, is finite etale over Ti, and we 
regard it as a loeally eonstant etale sheaf of finite i?-modules on Ti. In partieular, when 
G aets trivially on M, then (M) y^ := is a eonstant sheaf independent of (G,p) 

andT^Ti. 


Suppose that G is a profinite group. Let be a eoinitial subset of the set of open 
normal subgroups of G eontaining G 6 Let {YH)He.yr be a projeetive system of 

Noetherian sehemes satisfying the following axiom: 

(i) For eaeh H 6 ^, a right aetion of GjH on Yh is given. 

(ii) Every transitive morphism is G-equivariant. 

(iii) For any H 6 JV, Yh forms a (G///)-torsor over Ti := To- 

Let (M,p) be a profinite i?[G]-module M. We denote by G(m,p) the set of open R[G]- 
submodules of (M,p). For eaeh L e 0(M,p), we put Hl := {g & G \ p{g,m) -me 
L,'^m e M} e For eaeh L e 0 (m,p) and H e ^ with H c Hi, we have a funetorial 
eonstruetion of a loeally eonstant etale sheaf ((M,p)/L)y^ of finite 7?-modules over Tj 
given by the (G///)-torsor Ty ^ Tj, whieh is independent of the ehoiee of H beeause 
Yh -» Yh^ is an (Hi/H)-torsor. We obtain a well-defined profinite i?-sheaf {{M,p))Yi : = 
(((M, p)IL)Yt )LeOfM.p) on Ti. 


We give an example of a tower {YH)Hejy' satisfying the axiom above. Heneeforth, we 
fix an algebraie elosure Q of Q and an embedding to.oo: Q C. For eaeh 6 N, we put 


ri(fv) 


l+NX 

NZ 


Z 

1 +A^Z 


n sf2(Z) 


nN) 


l+NZ 

NZ 


NZ 

l+NZ 


n SF2(Z) = ker(ri(A^) ^ SU(Z/NZ )). 


For eaeh N eM with N > 5 (resp. N > 3), we denote by Ti(A^) (resp. Y(N)) the modular 
eurve of level Ti(N) c SF 2 (Z) (resp. T(N) c SF 2 (Z)), i.e. a moduli of pairs (E,/3) of 
an elliptie eurve E and a projeetion /3: E[N] -» (J^jNZ) between group sehemes (resp. 
a moduli spaee of pairs (F, (ai, 0 : 2 )) of an elliptie eurve E and a (Z/NZ)-\mear basis 
(ai,a 2 ) of E[N]). For eaeh N 6 N n [5, 00 ), we remark that for an elliptie eurve E, 
giving a projeetion jS: E[N] -» {ZjNZ) between group sehemes is equivalent to giving a 
elosed immersion l\ Gni[An E[N] between group sehemes through the Weil pairing 
F[A/^] X E[N] ( [ISil86ll III 8), and emphasis that this formulation of 

Ti(A^) is the one dealt with in [IGro90ll Proposition 2.1 and [IKM85H 4.8, and is distinet 
from the usual one in [IKM85II 3.2 unless the base field is extended to Q[Xh]/(Pn(Xn)), 
where Pn(Xh) 6 Q[A'a?] is the Wth eyelotomie polynomial. For eaeh 6 N n [3, 00 ), we 
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have a right action 


( Cl i) 

^ ^ I := (£■, (acri +ca;2,Z7Q'i + Ja2)) 


of GL 2 (Z/A^Z) on Y{N). We recall that Y\{N) (resp. Y{N)) is an algebraic curve defined 
over Spec(Q) (resp. Spec(Q[XAr]/(/’A?(XA?)))), and the analytification of the base change 
of Yx{N) (resp. Y{N)) by Spec(C) ^ Spec(Q) (resp. Spec(C) ^ Spec(Q[X/v]/(/’A?(X^))) 
given by Q[X/v]/(/’a?(X/v)) C: cx^{2N~^n^f^^)) is biholomorphic to the quo¬ 

tient r 1 (N)\K (resp. the quotient r(A0\H) of H with respect to the action of F i (N) (resp. 
r(A^)) given in Example 11.281 The moduli interpretations ensure that there is a natural 
finite surjective etale morphism 


Y(N) ^ Ym 

(E,(ai,a2)) 1-^ {E,Paua2'- Cl\0^\ + a20'2 1-^ ai) 
for each // 6 N n [5, oo), and that there are natural finite surjective etale morphisms 


YxinN) 

iE,l3) 

resp. Y(nN) 
{E,ai,a2) 


^ Ym 

I—> {E,p N'Zj'. cr I—> jS(cr) -I- A^Z) 

^ Y(N) Xq[x^]/(p^(x^)) Q[X„a?] / (PnNiXnN)) 

1-^ (E,nai,na2) 


for each n, e N with n > 1 and N > 5 (resp. and N > 3) for which (Fi(A/^))A?ENn[ 5 ,oo) 
(resp. (Y(N))Nem[ 3 ,oo)) is a compatible system. The natural morphisms Y(N) Yi(N) for 
each N e'Nr\[5,oo) gives a morphism (Y(N))Nem[ 5 ,oo) (Yi(N))NeNn[ 5 ,oo) of compatible 
systems. 


Henceforth, we fix an A^ 6 N n [5, oo). We put 


Gf,(iV) := 
fi(iV) := ( 


t A A \ 

/ z z \ 

\ A^Z 1 + A^Z / 

i+n1 Z 
NZ I+NZ 


n gl 2 (Z) 

I n sl 2 (Z). 


The Galois group of the finite etale covering Y{nN) Y(N) is naturally isomorphic to 
the finite group 


ker(GL 2 (Z/nA^Z) ^ GL 2 (Z/A^Z)) 
/ 1 + N(ZlnNZ) N(Z/nNZ) 

[ N(Z/nNZ) 1 + NiZ/nNZ) 


n Gh 2 (Z/nNZ), 


and the composite Y(nN) Y{N) Yi(N) Xq Q[Xn]/(Pn(Xn)) Yi(N) corresponds 
to the group 


Gr,(N,n) 


Z/nNZ Z/nNZ 
N(Z/nNZ) 1 + N(Z/nNZ) 


n Gh 2 (Z/nNZ) 
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through the right action for each n 6 N\{0}. We have a natural homeomorphic group 
isomorphism Grg(A^) ^ lim Gre(A^, n!). Therefore Grg(A^) acts from right on the 

<-«€N 

tower (Y(Nn\))nehi of torsors over Yi(N) in a desired way. Similarly, ri(A/^) acts from 
right on the tower (Y(Nnl)Q)neK of torsors over Yi(N)-^ in a desired way. 

Example 2.10. Let p be a prime number dividing N, and n 6 N. Then Sym"(Zp,p 22 ) 
(Example 11.311) is a profinite Zp[M 2 (Zp)]-module by Proposition 11.231 and in particu¬ 
lar, we regard it as a profinite Zp[Grg(A/^)]-module through the composite Grg(A/^) 
M 2 (Z) ^ M 2 (Zp). It yields a profinite Zp-sheaf on Yi(N)et naturally isomorphic to the 
profinite Zp-sheaf 

Sym" (Ri(;r^)*(Zp)£.(„)) := (sym” (r'M* (z/p'-z) ^^^^Jf ^ 


representing a smooth p-adic sheaf. Indeed, let U he a scheme with an etale mor¬ 
phism Lu'- U Yi(N). Then Homy|(Ar)(5, y(A^p'')) is naturally identified with the set 
of (Z/A^p''Z) 5 -linear bases (cri,cr 2 ) of LljEi(N)[Np''] such that (LljEi{N),/3pra^^pra2) corre¬ 
sponds to Lu 6 Hom(S, Yi{N)) for each r 6 N. Putting 

Mr := Homy,(^)(5, Y{N/)) x Sym'"" ((Z/iVp'-Z)^p(z/;,p.z) 2 ), 


we have a Grg(A^, p'')-equivariant map 

Mr Sym^-2(Hom(H° (5,tyEi(A^)[A^p'']),Z/A^p''z)) 


k-2 


{ai,a2),^CiT\Ti 


•k—2—i 

2 


1=0 


k-2 






)k—2—i 
,a[ 


i=Q 


for each r e N. Through the duality between Jif^l{Ei(N), {^p)ei(N)) and the Tate module 
of Ei{N), it induces a natural identification 

(Sym^-^(z;,pz^)) = Sym” (R'(;r^)*(Zp)£,(^)) 

of profinite Zp-sheaves on Yi{N)^u 

For a sheaf ^ of finite Abelian groups on Ti(A)a, we denote by the etale sheaf 
of finite Abelian groups on Yi{N)^ := Ti(A^) Xq Q obtained as the inverse image of 
and put 

h:, ■= h;, (y,(N)5, . 

For a profinite R-sheaf ^ = (^A)AeA on Ti(A), we denote by the profinite R-sheaf 
on Ti(A^)q obtained as the inverse system ((^A)Q)AeA, and we put 

(Ti((V)q, := (yi(A^)Q, ^q) . 
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For a profinite 7?[Gfe(A^)]-module {M,p), we have a natural identifieation 

as profinite 7?-sheaves on Yi{N)-^. 

Proposition 2.11. For any first countable profinite R\Gt e{N)\-module (M,p), there is a 
natural homeomorphic R-linear isomorphism 

= Ri (ri(iV), Res™(M,p)). 

Proof. Sinee ri(A^) is a fundamental group of the open eomplex manifold ri(A^)\BI of 
dimension 1, it is a finitely generated free group. By Lemma [2^ we have an isomorphism 

H' (ri(iV),Res™(M,p)) = (ri(iV),Res™(M,p)), 

whieh is a homeomorphism by the definition of the topology of the left hand side intro- 
dueed right after Lemma [2^ By the definition of the assertion for the general ease 
follows from the ease where (M,p) is a finite R[ri(A^)]-module. In this ease, the assertion 
is well-known by the interpretation as the set of isomorphism elasses of torsors. □ 

Corollary 2.12. For any finite (resp. first countable profinite) R[Gte(N)]-module {M,p), 
the prodiscrete cohomology 

is a finite ( resp. first countable profinite) R-module. 

Proof. Sinee ri(A/^) is a finitely generated, Z}(ri{N), (M,p)) is a finite (resp. first eount- 
able profinite) R-module, and henee so is H^(ri(A^), {M,p)). The natural homeomorphie 
R-linear isomorphism 

s H' (r,(W), Res™(M,p)) 

in Proposition 12.1 II guarantees that the left hand side is a finite (resp. first eountable 
profinite) R-module. □ 

Corollary 2.13. Let p be a prime number dividing N. For any n 6 N, there is a natural 
homeomorphic 'Lp-linear isomorphism 

M'* (Ti(iV)Q, Sym” (RV;r,v)*(Zp)£.(w))) = (ri(iV), Res^^^),^;^ (Sym” (zj.pz^))). 

Proof. The assertion follows from Lemma 12.21 and Proposition 12.1 II by the natural iso¬ 
morphism 

m (Sy”" (K-Pn))] = Sym” (R'(;r»).(Z,)E,(»)) 

\-^-/ Fi (V) 

as profinite Zp-sheaf in Example |2T0l □ 
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2.3 Actions of the Absolute Galois Group and Hecke Operators 

Henceforth, we fix a prime number p dividing N. The natural projection Z -» Zp gives 
a continuous monoid homomorphism Grg(A^) ^ HoCp), and hence we regard a topo¬ 
logical i?[no(p)]-module as a topological i?[Gre(//)]-module. Let (M,p) be a profinite 
i?[no(p)]-module, and the profinite 7?-sheaf on Yi{N) associated to (M,p). If (M,p) 
is a finite 7?[Gre(A^)]-module, then the action of Gal(Q/Q) on Yi(N)q gives a continuous 
action on the finite Abelian group H*j(yi(A)Q, in a functorial way. In general, the 
action of Gal(Q/Q) on Yi(N)-^ gives a continuous action on J^^*(Yi(N)(i, ^), because 
it is defined as the inverse limit of finite 7?[Gal(Q/Q)]-modules by 7?-linear Gal(Q/Q)- 
equivariant homomorphisms. The actions of Gal(Q/Q) on prodiscrete cohomologies of 
profinite 7?-sheaves associated to profinite 7?[no(p)]-modules are functorial with respect 
to continuous 7?-linear no(p)-equivariant homomorphisms. 

Let A 6 GL 2 (Qp) satisfying A‘ := det(A)A“' e HoCp) with the orbit decomposition 
UffLi ^i(N)Ag of the double coset ri(A)Ari(A) c GL 2 (Qp) with respect to the left action 
of ri(A). For each ( 7 , 0 ) 6 Yi{N) x (N n [l,m]), we put = jeAg^yfi) by a unique 
( 70 , 5 ( 7 , 6 )) 6 Ti{N) X (N n [l,m]). For a 1-cocycle c: Fi(A) ^ |(A/,p)l, we define 
Ac: Yi{N) |(M,p)| by setting 


(Ac)(7) := _^p(A',c(7^.)) 6 \M\ 

0=1 

for each 7 6 Fi(A). Then Ac is a 1-cocycle, and its cohomology class is independent 
of the presentation of the double coset decomposition. The action of A induces an R- 
linear endomorphism on hVFi(A), and we call it the double coset operator as¬ 

sociated to A. For a prime number £, we denote by the i?-linear endomorphism on 

H^(Fi(A), (A/,p)) given by the double coset operator associated to | q ^ j- For each 

n 6 N\{0} with a prime factorisation n = Hpi we set := Hpi For each 
n 6 (Z/AZ)^, we denote by (h) the i?-linear endomorphism on H^(Fi(A), {M,p)) given 

by the double coset operator associated to a D(n) e SL 2 (Z) of the form | ^ ^ j with 

c 6 AZ, where n 6 Z is a representative of n. The operator (n) is independent of the 
choice of D(n) for any n e (ZINZ)'^. As in ^1.31 we also call these operators Hecke op¬ 
erators. The actions of Hecke operators on the first cohomology group (and the module 
of 1 -cocycles if we fix presentations of double coset decompositions) are functorial with 
respect to continuous 7?-linear n()(p)-equivariant homomorphisms. 

Proposition 2.14. For any first countable profinite R\Jl(){p)\-module {M,p), the natural 
homeomorphic R-linear isomorphism 

s H‘ (r,(Af),Res?"(*'.P)) 
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in Proposition \2.11\ sives an R-linear GsLl(QIQ_)-equivariant action of He eke operators 
on the left hand side. 

Proof The prodiscrete cohomologies are defined as the inverse limits of cohomologies 
corresponding to a finite i?[n()(p)]-module and a sheaf of finite Abelian p-groups on 
Ti(A^)et associated to it. The isomorphism in the assertion is given as the inverse limit of 
isomorphisms between group cohomologies of finite 7?[no(p)]-modules and etale coho¬ 
mologies of the associated sheaves of finite Abelian p-groups on Ti(A^)a- Transition maps 
on the right hand is Hecke-equivariant, while those on the left hand side is Gal(Q/Q)- 
equivariant. Therefore it suffices to verify the assertion in the case where (M,p) is a 
finite 7?[no(p)]-module. Imitating [|Del69ll ProposMon 3.18, we compare the action of 
Hecke operators on the right hand side with a Gal(Q/Q)-equivariant endomorphisms on 
the left hand side induced by a Hecke correspondence. Let be a prime number. We 
deal only with Tf. We denote by the sheaf of finite Abelian groups on Ti(A^)a asso¬ 
ciated to {M,p). The construction of Hecke operators on the prodiscrete cohomology of 

by a Hecke correspondence include the following three steps: First, we define a cor¬ 
respondence as the graph associated to two projections prj,pr 2 : Yi(N,£) -» YfN) from 
a curve YfN, £) with a moduli interpretation. Secondly, we construct a natural morphism 
prj,^ ^ pr^,^, and give a definition of an operator T( acting on the etale cohomology of 

Finally, we verify that the isomorphism in the assertion is r^-equivariant. 

Firstly, we set 


Gf,(A,G 



b 

d 


j 6 GL2(Z) 


b ePZ 
c 6 NZ 
de(l +N)Z 


Let Y-[(N, £) denote the algebraic curve over Q obtained as the quotient of the finite etale 
covering Y{N£) -» YfN) corresponding to the subgroup Gte(N,£) c Gfg(A). Then 
Yi(N,£) is a moduli of triads (E,/3,C) of an elliptic curve E, a projection £3: £’[A^] -» 
(Z/NZ) between group schemes, and a cyclic subgroup C c E{€] of order £ with C n 
ker(;S) = 0. Let prj denote the canonical projection YfN, £) YfN), which corresponds 
to the natural transform {E,f, C) i-> {E,/3) between moduli. As in ^2.2[ we identify YfN) 
with the moduli of pairs (E, i) of an elliptic curve E and a closed immersion l : Gm[A] 
£'[A] between group schemes. Similarly, YfN,£) is identified with the moduli of triads 
(E,l,C) of an elliptic curve E, a closed immersion l: Gm[A^] E[N] between group 
schemes, and a cyclic subgroup C c E\£] of order £ with C n im(i) = {0}. Then the 
projection prj is given by the natural transform (E, t, C) i-^ {E, t) between moduli. There 
is another projection pr 2 : Yi{N,£) -» YfN) given by the natural transform (E,i,C) 
{E/C,l + C) between moduli. For each triad iE,/3, C) of an elliptic curve E, a projection 
j3: £’[A^] ^ (Z/AZ) between group schemes, and a cyclic subgroup C <z E[£] of order £ 
with C n ker(/3) = {0}, we denote by /3/C the projection (£’/C)[A] ^ (Z/AZ) between 
group schemes determined by the condition that (£’/C,jS/C) is the image of {E,/3,C). 
We consider the correspondence prj x pr 2 : Ti(A, £) YfN) Xq Ti(A). Before that, we 


39 











calculate the difference of the two embeddings ?7i, 772 : GYe(N, i) Gfe(A/^) induced by 
pr^ and pr 2 . Let n 6 N\{0}. We consider the finite groups 


GY,{N,i,n) 


Gr,(iV,l,n) 


lab 

\cd 


6 GY2(Z/NbnZ) 


b 6 iZINinZ 
c 6 NlZjNbnZ) 

J 6 1 + N{ZINinZ) 



6 GY2(ZINnZ) 


c 6 N(Z/NnZ) 
d£l+ N(Z/NnZ) 


We put A{ 


1 

0 


6 Gfg(A^) . The injective continuous group homomorphism 


ad^,: Gf,(iV,^) 
a b \ 
c d I 




GYAN) 

I a i~^b 
\ £c d 



induces a well-defined group homomorphism 


adA,,„: GYANJ,n) 
a + N£nZ b + NinZ \ 
c -I- NinZ d + NinZ j ^ 


GYAN,hn) 

( a + NnZ i~^b + NnZ \ 

\ ic + NnZ d + NnZ j ‘ 


We recall that the right action of GY 2 (Z/NinZ) (resp. GY 2 (Z/NnZ)) on Y{Nin) (resp. 
Y(Nn)) is given by 


(E, (a 1,0:2)) 


a + NinZ 
c + NinZ 


b + NinZ 
d + NinZ 


op 


{E, aa\ + ca 2 , ba\ + da 2 ). 


The canonical projection Y(Nin) -» Yi(N,i) (resp. Y(Nn) -» Yi(N)) is given by the 
natural transform 


(E, (ai,a2)) ^ iE,j 3 n£ai,n£a 2 ■ aAnitti) + a2(nia2) ^ 02, {Nna2)) 
resp. (£, (ai, 0:2)) ^ aAnai) + a2(na2) 1-^ 02) 

between moduli, and hence the right action induces an isomorphism 

Gal(T(A^^n) ^ Ti(A^,G) = GYAN,i,n) 
resp. Gal (YiNn) -» TiCA^)) = Gr,(A^, l,n). 

The composite of pr 2 and the canonical projection Y(Nin) -» Yi(N,i) is given by the 
natural transform 


(£,(ai,Q'2)) 1-^ iEI{Nna2),l3n£a, ,nia2 l{Nna2)) 
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between moduli, and hence the finite etale morphism cr„: Y{Nin) -» Y{Nn) given by the 
natural transform 


{E,{ai,a2)) ^ (EI{Nna2),(iai + {Nna2),a2 + {Nna2))) 


between moduli makes the diagram 

Y{N€n) Y(Nn) 


prj 


commutes. For any 
we have an equality 


Yi(NJ) 

a + NinZ b + N£nZ 
c + N£nL d + NinL 


> Ym 

6 Gre(A^, n), noting J + f’Z 6 (LI€L)^, 


(Tn (£,(«!, Q' 2 )) 


a + N£nL b + N£nL 


op 


= (Tn {{E, (aai + ca2, bai + da2))) 


c + N£nL d + N£nL 
= (EI{dNna2), {(£aa\ + £ca2) + {dNna2), {ba\ + JQ'2) + {dNna2))) 

= [e l{Nna2), {(a{£ai) + (£ 0 ) 02 ) + {dNna2), (£~^b(£ai) + da2) + {dNna2)y^ 

‘ a + NnZ £-^b + NnZ 


= (EI{Nna2), i£a\ + {Nna2), Q '2 + {Nna2))) 
= cr„((£,(ai,a 2 ))) adA,„ 


a + N£nZ b + N£nZ 
c + N£nZ d + N£nZ 


\ £c + NnZ d + NnZ 

op 


and hence the group homomorphism GTe{N,£,n) GTe{N, l,n) obtained as the com¬ 
posite of the natural isomorphisms Gal(rzT) = GYe{N,£,n) and Gal(y(A^n) ^ Yi{N)) = 
Gre(A^, l,n) and (cr„)*: Gal(rz7) ^ Gal(y(A/^n) -» Yi{N)) coincides with adA,,n. As a 
consequence, the homeomorphic group isomorphism 


cr: lim Gal {Y{N£n\) Yi(N, £)) 


limGal(y(A^n!) ^ yi(A^)) 

neN 


induced by the compatible system (((Tn\)*)nen corresponds to the inverse limit of the com¬ 
patible system (adA;,„!)„sN through the natural isomorphisms above, and hence is compat¬ 
ible with adA, through the natural homeomorphic isomorphisms 

GYeiNJ) = \imGYe(N,£,nl) 

neli 

GYe(N) = limGf,(A^,l,n!). 

nebi 


Secondly, we have natural isomorphisms 
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= (M o) 


pr 2 ^ = 


(Gf,(7V/),;72) \ Gf,(A?) 


(rcs!!"^'’! .,(M,p) 


= Resf'^1^*'^ JRes""^''^ (M,p) 

(Gr,(w/),tjvo;,2) \ Gr,(iV)^ 


= (Rcs^"^'’^ (M o) 

^^^(GtANJU;,or,i) P®^(Gf,(;V/),ad^,) 


,Gr,(W) 


By the functoriality of the eorrespondenee (M,p) (Res°^r‘^f[’f^^ XM,p))y,{n t), the 

{GYe\N,€),L!siori]) 

R-linear Gfe(A^, ^)-equivariant homomorphism 


ip: Res 


Gf,(W) 

(GtANPMAt) 


Res^X’’^ (M,p) 

GT.iNy 


m 




Res““r' (M,p) 
Gr^(w/)^ 

p(A^, m) 


induces a morphism (p: pr^^ ^ pr*.^. We define an R-linear endomorphism on 
J^X(Yi(N)q, as the composite 


(pri). 

- > 


* ^ 

^et (yXN)^, ^ (yXN, %, pr*^) (yi(iV, Gq, prt^) 

^et (^i(^)q’^)’ 


where (prj)* is the trace map associated to the finite Galois covering prj. 


Finally, we verify that the isomorphism in the assertion is r^-equivariant. Put 

( 1 + M’J pj \ 

NZ l+NZj^ ^ c SL2(Q). 

Take a presentation Yi(N)Acri(N) = \_\X=i YXN)gg of the right coset decomposition. We 
have 


ri(iV)/ri(iv,G = | |(g^%)ri(iv,G. 

0=1 

For each y 6 Fi(A^) and 0 6 N n [1, m], let e 6 N n [1, m] denote a unique integer with 
ggj 6 ri(A^)g 5 (y,e), and put jg := ggjggl^g-^ 6 Fi(A^). The trace map (pr^)* corresponds to 
the R-linear homomorphism 

Tr: H' (Fi(iV, G, (Res;';J^;(M,p))) ^ (Fi(iV), Res;';i^;(M,p)) 

sending the cohomology class of a 1-cocycle 

c: Fi(iV,G ^ Res;:;j;^)(Res;^;^;(M,p))) 
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to the cohomology class of the 1-cocycle 

Tr(c):ri(A^) ^ Res;';(;;(M,p) 

m 

Therefore the endomorphism on H^Ti(A^),ReSp“(*^^(M,p)) induced by the action of T{ on 
through the isomorphism in the assertion sends the cohomology class of 
a 1-cocycle c: Ti{N) ReSp“^^^j(A/,p) to a 1-cocycle c': T\{N) ReSp“^^j(A/,p) given 
by setting 


c'(7) := Tr o c o adA,) (y) = ^ P (ge o c o adA,) (ad^J (ye))) 

e=\ 

m m 

e=\ 6=\ 

m m 

= ^p(^ge^c(ye))) = ^ P (ge^ ^Cye))) = T({c){y) 

0 =\ 0 =\ 

for each y 6 ri(A^). Thus the isomorphism in the assertion is Tf-equivariant. □ 


3 Interpolation of Etale Cohomologies 

Henceforth, we only consider the case p 2. \n this section, we interpolate the family 
(Sym^“^(Zp,p 22))“2 along weights k >2. Their scalar extensions by Qp are irreducible 
Qp-linear representations of HoCp) of pairwise distinct dimensions. In order to compare 
them with each other, we construct infinite dimensional extensions of them, which share 
the underlying topological Zp-module Z^. 


3.1 Interpolation along the Weight Spaces 

We construct a profinite Zp[no(p)]-module interpolating profinite Zp[no(p)]-modules 
(Sym”(Zp,p 22 ))“^Q along weights n -l- 2 6 N. As is dealt with in ^2.3[ an action of 
HoCp) plays an important role for a geometric construction of a family of Galois repre¬ 
sentations. To begin with, we extend several functions on N to the weight spaces Zp and 
W = Hom“"'(Z^, Zp. For each (n, m) 6 Zp x N, we set 


n 

m 


^ m -1 

■.= —r\{n-h). 

u 


It gives a unique continuous function Zp x N ^ Qp extending the binomial coefficient 
function on the dense subset {(n, m) e N x N | n > m} c Zp x N. Since the image of the 
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dense subset {(n,m) E N x N | n > m} by the binomial coefficient function is N c Z^, 
the extended binomial coefficient gives a continuous function x N ^ Z^. For any 
(J, n) G (1 + pZp) X Zp, we set 

h=0 ' ' 

The infinite sum converges in 1 + pZp, and it gives a unique continuous function (1 + 
pZp) X Zp ^ 1 + pZp extending the restriction (1 + pZ) x N ^ 1 + pZ of the exponential 
function x Z ^ Q^: {d,n) J”. Every n & Zp associates a continuous character 

Xp,n'- Zp ^ Zp in the following way. To begin with, we define ^p,„|i+pZp: 1 + pZp 
1 + pZp by setting ;^pp|i+pZp(J) := d" for each J G 1 + pZp. The infinite sum 

dip) :=£( )(J'’-i-l)' 

ft =0 ^ ’ 

converges in 1 + Zp for any d eZ^, and the map 

(•)(p):Z^ ^ 1+pZp 
d 1-^ dip) 

is a continuous group homomorphism whose restriction on the subgroup 1 + pZp c Zp 
is the identity map. We define a continuous character Xp,n ^ Zp ^ Zp as the composite 
of i-)ip), Tp,nli+pZp, and the inclusion 1 + pZp Z^. On the other hand, the canonical 
isomorphism 

z^ z, F;:x(i+pZp) 
d id + pZp, dip)) 

gives a well-defined decomposition 

(Z/(p - 1)Z) X Zp Z, ^ 

(no + ip- l)Z,np) 1-^ XnoXp,n,-no 

as a group, where we denote by g IT the continuous character Z^ ^ Z^ : J for 
each n G Z. For each;y G IT, we denote by in^ix), fipix)) its image in (Z/(p - 1)Z) x Zp. 
By definition, we have inPiXp,n),npiXp,„)) = (0,n) for any n G Zp, and inPiXn),npiXn)) = 
in + ip - l)Z,n) for any n G Z. For each id,x) 6 Zp x IT, we put d^ := xid) 6 Zp. For 
each ix,m) £ W xM, we set 

^ 1 := ( e Z,. 

m ) \ m I ‘ 

It gives a unique continuous function IT x N ^ Zp extending the binomial coefficient 
function on the dense subset {(n,m) G N x N | n > m} with respect to the embedding 
N IT: n 1 -^ Xn- Henceforth, we often abbreviateto n for each n eZ. 


44 



Proposition 3.1. Let x 6 W. For any {A, a, i) 6 no(j!?) x x N with A 
o: = (o';)” 0 ’ infinite sum 


a b 
c d 


oo min{/, 7 } 

Px(A,a)i :=J^aj 

j=o 


h=0 


(i+j-h-l 

]~~[ inpix)-m) 


V m=i 


hij-h 


J-h 




U-h)l 


.^x-i-Ah 


and 


converges in Zp, and the map 

p^:no(;?)xZ^ ^ Z^ 

(A, a) ^ (p^(A,a),),^^ 

is continuous. 

Proof. Let (A, a, i) 6 Ilo(p) x Z^ x N with A = | ^ ^ j and a = (ay)“ q- J ^ N, 

we have 


max 

*€N 

0 < h < min{r, j] 


cJ-h 

(J-h)l 


max 

hen 

0 < h < min{/, 7 ) 


\cr^ 


max \pf^ ^'■=' 

he'N 

0 < h < min{L j] 





0 , 


where L-rJ 6 Z denotes the largest integer which is not larger than x for each v: 6 R, and 
hence 


O'; 


min|/, 7 l 

E 

h=0 


’'i+j-h-l 

]~~[ inp(x)-m) 
\ fn=i 


h jJ-h 




a% 




dX-i-Ah 


It implies that P;^.(A, a); converges in Zp. The continuity of follows from the conver¬ 
gence of the infinite sum in the definition of P;^.(A, a);, because of the continuity of each 
term of the infinite sum. □ 


Following the abbreviation of Xn to n, we put p„ := p^„ for each n 6 Z. In order to 
verify that the topological space (Zp,p^) with the action of the underlying topological 
space of IIoCp) is a profinite Zp[n()(p)]-module for any x ^ VF, we compare it with 
Sym”(Zp,p 22 ) for infinitely many n 6 N. 

Lemma 3.2. Let n 6 N. For each / 6 N n [0, n\, put 

" )rirreSym"(z3. 

Then the map 

TUn:{Zfip,Pn) Sym”(z2,p22) 

n 

(o'()(=o ' ^ ^ J (Xieji i 

i=0 

is a continuous Zp-linear Ilo{p)-equivariant homomorphism. 
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For the convention of the symmetric product, see Example 1 1.3 II 


Proof. Let {A, a) 6 Ilo(p) x with A 


a b 
c d 


and a = (a;)“o- We have 


mn{pn{A,a)) = n7„((p„(A, 

(=0 


n oo min|i,y| 

= E 

i =0 7=0 / i =0 

n n minji,;} 

= EE“- E 

/=0 7=0 / 2 =max{ 07 ’+ j-n] 

n n min{E 7 } 

= EE“- E 


''i+ 7 -/ 2-1 

n 

^ d=i 


PI (n-d) 


hii-h 


r.j-h 


a%‘ 


U+j-h-\ 

P[ (n-d) 


V d=i 


(j-h)\ 


h iJ-h 


dn-H+h 


; mrr 


..j-h 






n—i 

2 


n\ 


i=0 j=0 h=max{0,i+j—n} 
n / \ « minliJI 

E“4::)e e 


h\(i - h)\(j - h)\(n - i - j + h)\ 


a-h)\ 


j=o 


i=0 h=ma.x{0,i+j-n] 

J 


(aT.ifcT^y- 


i - h 




(bT,y-\dT2) 


- E“.(::)E(i)(‘'^.)w-E 

;=0 ^ > h=0 ^ ' h'=0 

n 


h' 


^ J \h' 


(bT,r (dT2r 


cry I ” j (aT, + cT 2 y(bT, + dT^f-J 


j=0 

Sym" (pzj) 


< ‘ \ n 

a b 


c d 


j=o 


•E“'i 1 


A / H '' 

Sym"(pz2) A,J^ajenj 
V 7=0 y 


= Sym” (pz 2 ) (A, rzT„(cr)). 


Thus ifn is a Zp-linear no(p)-equivariant homomorphism. □ 

For each n e N, we denote by SymQ(Zp) c Sym”(Zp) the image of zzt„. It is a lattice of 
Sym"(Qp) with a Zp-linear basis (e„,,)"=o’ aZp[no(p)]-submodule of Sym”(Zp,pz 2 ). 
In fact, it is easily seen that Sym^CZ^) is a Zp[M 2 (Zp)]-submodule of Sym”(Zp,pz 2 ), but 
we do not use this fact. 


Definition 3.3. For each n 6 N, we put 

X:=Sym"(z>j!)|Sym;(zg. 

See Example [L32](i) for this convention. 

The modified symmetric product has good congruence relation with respect to 
n 6 N as is shown in the following. 
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Lemma 3.4. For any (r, ^ (N\{0})xNxN with hq < and -«o ^ ^{p- 1)Z, 

the canonical projection 


<,,no--^nJp' -» -^njp" 

«1 «0 

i=0 1=0 

is a {'Llp^L)-linear IiQ{p)-equivariant homomorphism. 

Proof. Let : {L^,p^)lp’' {L^,py)lp'' denote idjN/prz^ for each (x,x') 6 W x W", 

and rzT|J: {L^,pn)/p'' ^nlp'^ denote the surjective (Z//)''Z)-linear no(/))-equivariant 
homomorphism induced by zzt„ for each n 6 N. Let (x,x') ^ W xW with x ~ X' ^ 
p’'~\p - 1)1L. For any d e L^, we have d^ - d^’ e p''Lp. By the definition of we 
have o zzr^^ = o Since the matrix representation of with respect to 

the canonical topological basis of Z^ is given as a function on ^ 6 VF belonging to the 
closed Zp-subalgebra of C(VF,Zp) generated by polynomials of the functions «p(l) 
and;^ Xid) for each d eZ^ with coefficients in pZp, is a (Z/p''Z)-linear floCp)- 
equivariant isomorphism. Thus the assertion follows from the surjectivity of . □ 


For any (r, n^) 6 (N\{0}) x N, the family 

{■^no+p''-'{p-l)mlP 

forms an inverse system by the canonical projections (nT^ 2 ,ni)” 2 ’«i- ^^^X ^ W and r 6 N. 
Although we have not verified that the continuous action p^ of the underlying topological 
space of no(p) is a continuous action of FtoCp) yet, it is a Zp-linear action, and hence the 
convention {Ly,p^)lp''^^ naturally makes sense. 

Definition 3.5. For each e VF, we denote by 6 N the smallest non-negative integer 
satisfying;^ -6 p''(p - 1)VF. 


Let;^^ 6 VF. Following the convention in the proof of Lemma l3.4l the family 

/ r+l ~ r+1 

\ L'-'+PXp-Dm 

is a compatible system of (Z/p'''^^Z)-linear no(p)-equivariant homomorphisms, and in¬ 
duces a continuous (Z/p''’^^Z)-linear no(p)-equivariant homomorphism 

meN 

{Cri){-Q ^ 12 j;=o ^Xp^^+p''(p-l)mJ j 

It is a homeomorphic isomorphism because the canonical projections give natural identi¬ 
fications 


Z^ = limZ;"^^(^-i>" = lim^„,^.(^_i),„ 

meN meN 

as profinite Zp-modules for any n e N. 
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Definition 3.6. Let n e N. We put 


:= (^Jf) 


Yl(N) 


for each r 6 N, and set 


See ^2.2l for this convention. 

Remark 3.7. Let fco 6 N n [2, oo). We consider the action of Hecke operators on the 
profinite Zp[Gal(Q/Q)]-niodule ^Jl{Yi{N)-^,r!^ko- 2 )- For the definition of Hecke op¬ 
erators, see ^2.3[ We denote by c Endzp(=^t'(Fi(A/^)Q, ^yto- 2 )) the commutative 
Zp-subalgebra generated by Hecke operators. For each n 6 Z coprime to N, we put 
S„ \= n^°~'^{n + NX) 6 Since M is a finitely generated Zp-module, ^ is finitely 
generated as a Zp-module. We endow with the p-adic topology, and regard it as 
a profinite Z^-algebra. The continuous action of ^ on ^/to- 2 ) induces a 

continuous action of ^ on M'^liYiiN)-^, ^^o- 2 )free ('Definition ! 1.261 Example [02] (ii)). 
We put 

H; (TiCAOq, Sym'o-^ (R'(;r^)*(Qp)£.(^)) 

:= Qp ®z„ (Fi(A^)q, Sym *^«-2 (R\nj,),(Zp)E,^N))) ■ 

This coincides with the ordinary etale cohomology of the smooth Qp-sheaf represented 
by Qp Sym^°“^(R^(;rA?)*(Zp)£j(A?)) by Remark 12^ By the argument in Example [2. 101 
we have a natural identification 

Qp (Fi(iV)Q,(S)m^- 2 (Zp^)^ 

= H^, (Ti(iV)Q, Sym'^o-^ (R'(;r^)*(Qp)£,(^))), 

as linearly complete Zp[Gal(Q/Q)]-modules with respect to the topologies induced by 
the p-adic norm of their natural integral structures for each k G N n [2, 00), and we 
equip the right hand side with the action of Hecke operators through the the identifica¬ 
tion. By a similar argument to that in Example 12. 10! the Hecke action coincides with 
the usual one dealt with in nGro90ll 3.1, 3.11, and 3.13 induced by the automorphism 
Y\{N) Y\{N): (E,/3) (E,/3") for (n) with n 6 (Z/A^Z)^ and by the morphism 

px\R^{nN)*(X±p) associated to the Gisogeny pr\Ei{N) = Ei{N,€) -» 
Ei{N, €)ICi{N, €) = pr*Ei(//) over Ti(A^, 1) (introduced in the proof of Proposition 12. 14!) 
with the universal object (E 1 (N, t),lii{N,t),C\{M,i)) fox Tc with a prime number i. Since 
the embedding Sym*'“”^(Zp,pz 2 ) induces a Qp-linear M 2 (Zp)-equivariant iso¬ 

morphism 

Qp ^ko-2 = Qp ®z, Sym^““2 (Zp,Pz2) = Sym^““2 (QJ^Pq^) ^ 
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the natural Qp-linear Gal(Q/Q)-equivariant homomorphism 

Qp (Ym^, ^h-i) ^ H; (yi(A^)Q, Sym'o-^ (R'(;r^)*(Qp)£. w)) 

is an isomorphism by Proposition I2.11[ Therefore the Eiehler-Shimura isomorphism 
( [|Shi59l 5 Theoreme 1, [|Hid93l 6.3 Theorem 4) and the eomparison theorem of eoho- 
mologies ( [ISGA4I Expose XI Theoreme 4.4 (iii), IISGA4II Expose XVI Corollaire 1.6) 
give a homeomorphie Z^-algebra isomorphism (T^‘^)free = Tj^o^at preserving for eaeh 
prime number £ and 5„ for eaeh n 6 N eoprime to N. We regard ^ko- 2 )ime 

as a topologieal T^^g^A^-module through the isomorphism. It is finitely generated as a Zp- 
module, and henee is a profinite T/to.v-module by Proposition ll.231 

Theorem 3.8. For any x 6 W, is a profinite Zp[Ilo(p)]-module. 

Proof. By the argument above, we have a homeomorphie Zp-linear no(p)-equivariant 
isomorphism 

i^p^px) - ^ 

reN reN meN 

of topologieal spaees with aetions of the underlying topologieal spaee of IfoCp). Sinee the 
target is a projeetive limit of finite Zp[no(p)]-modules, the souree is a profinite Zp[no( 7 ?)]- 
module. □ 

Corollary 3.9. The equality 

holds for any (n, i, y, /z) 6 Zp X N X N X N with h < min{/, j}. 

Of eourse, this equality ean be obtained in many ways with no use of p-adie repre¬ 
sentations, and henee must be well-known. 

Proof It is easily seen that the assertion is equivalent to the eondition that p„{AoAi,a) = 
Pn(Ao,Pn(Ai,a)) for any (Aq, Ai, a) 6 IIoCp) xIIoCp) xZ^ by p-adie Eie algebra theory, p- 
adie analysis to Baker-Campbell-Hausdorff formula, and Sehneider-Teitelbaum theory. 
Thus the assertion follows from Theorem 13.81 □ 

Remark 3.10. Theorem 1X81 is deeply related to UPS 1 111 3.3 and 7.1. Robert Pollaek and 
Glenn Stevens defined a eontinuous right aetion of the topologieal monoid 

of non-negative integral weight n on the topologieal Zp-algebra of distributions on Zp in 
UPS 1 111 3.3, and proved that the elosed Zp-subalgebra of distributions with integral mo¬ 
ments, whieh is eanonieally homeomorphieally isomorphie to Zp[[w]], is stable under the 
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action of 2o(p) in Proposition 7.1. By the canonical topological basis (w'*)/,gN of Zp[[w]], 
we identify Zp[[w]] with Z^. The map floC/)) n GL 2 (Qp) ^ So(p)°'’: ^ = 

det(A)(A“')°P associating the cofactor matrices is a homeomorphic group isomorphism, 
and hence the notion of a right action of So(/>) is equivalent to that of a left action of 
IloCp) n GL 2 (Qp). Therefore we obtain a continuous action of floCp) n GL 2 (Qp) of 
non-negative integral weight n on Z^. The homeomorphic Zp-linear no(p)-equivariant 
isomorphism 

(Z^,p^) = lmlm(j^M+p.(p_i)„,/p'-^') 

reN meN 

for a G IT in the proof of Theorem 13.81 ensures that if = Xn for an n 6 N, then the 
restriction of p^ on the submonoid IloCp) n GL 2 (Qp) c floCp) coincides with p^. Thus the 
construction of is a generalisation of that of (Z^,p') in the sense that the former 

one deals with a general weight and no(p) while the latter one deals with a non-negative 
integral weight and Ilo(p) n GL 2 (Qp). 

Remark 3.11. We have a geometric construction of (Zp,p^) in the case where x = 
Xp,n for an n 6 Zp. In Example 11.401 we constructed a linearly complete topological 
Zp[no(p)°P]-module (C(Zp,Zp), (mp^(^)) using p-adic linear fractional transformations. 
We note that nip extends to an action of IIoCp) in an obvious way because diagonal ma¬ 
trices in IIoCp) acts trivially on Zp via rup. Since p-adic linear fractional transforma¬ 
tions and Xp,n{cz + d) for any (c, d) 6 pZp x Z^ are rigid analytic functions on Zp, the 
p-adically complete Zp-subalgebra Zp{w} c C(Zp,Zp) consisting of rigid analytic func¬ 
tions of Gauss norm < 1 is stable under the action of n()(p)‘’P. The Iwasawa-type dual 
( [IST02I Theorem 1.2) of the Banach Qp-algebra Qp{w] = Qp <8)Zp (Zp{w}) is the profinite 
Zp-algebra Zp[[w]] of distributions with integral moments. Although the Iwasawa-type 
duality for Banach representations of a profinite group (' [IST02II Theorem 2.3) does not 
extend to duality of Banach unitary representations for a topological monoid in a direct 
way, it is easily seen that the continuous action of no(p)°P on Zp{w} induces a continuous 
action p^ of floCp) on Zp[[w]], and p^ corresponds to p^^,_ through the identification 
Zp[[w]] = zp This gives an alternative proof of Theorem 13.151 for the case where the 
weight;^ is of the form;^fp ,j for an n G Zp. 

Remark 3.12. Let;^ g W. We have a natural identification 


Gr,(V) 




Yi{N) 


[V)+P''(p-1 )m 



00 

m,r=0 


as profinite Zp-sheaves on Y^N) by Theorem IXBl When;^ = Xn for some n G N, then we 
have an identification 


Res 


no(p) 
gE(V)^ p’ 


,Pn)\ -{^n+p'-mlP 

-/yi(V) 


as profinite Zp-sheaves on Ti(AO by a calculation of the image of Gfe(A) ^ no(p). We 
do not use this fact in this paper. 
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Remark 3.13. Let n 6 N. As is constructed in Lemma U^ there is a canonical projection 
■UTn ■ (Zp ,p„) -» Taking the Iwasawa-type dual ( nST02ll Theorem 2.3) in Schneider- 
Teitelbaum theory, we obtain an exact sequence 

0 ^ Sym"(Qj,pQp ^ (C(Zp,qp),p'^J (ker(rzT„)^, (pj ker(trT„))^) ^ 0 

of unitary Banach Qp-linear representations, and (ker(rzT„)^, (p„| ker(rzT„))'') is an infinite 
dimensional irreducible unitary Banach Qp-linear representation. Thus (Zp,p„) is an 
infinite dimensional extension of =2^ by the Iwasawa-type dual of an infinite dimensional 
irreducible unitary Banach Qp-linear representation. 

Now we interpolate the family (Sym^~^(Zp,pz 2))“2 with respect to weights k as ele¬ 
ments of W. We put Ao := Zp[[X]]P^P~^\ We regard Aq as a Zp-submodule of C(W, Zp) 
by the embedding 

Zp[[X]r^P-^'> ^ C{W,Zp) 

This embedding is an injective continuous homomorphism from a compact module to a 
Hausdorff module, and hence is a homeomorphic isomorphism onto the closed image. 
For each;^f 6 W, we denote by sp^ the continuous surjective Zp-algebra homomorphism 

Ao -» Zp 

/ ^ /(t), 

and call it a specialisation map. For each;\f 6 IT, we regard (Zp,p;^._ 2 ) as a profinite 
Ao[no(p)]-module through sp^,. 

Since N n [2, oo) is dense in IT, the evaluation map 

oo oo 

sp := SP;-: Ao Y\ 

k=2 k=2 

f ^ (sp;t(/))r =2 

is an injective continuous Zp-linear homomorphism between compact Hausdorff mod¬ 
ules, and hence is a homeomorphic isomorphism onto the closed image. In particular, we 
regard A^ as a closed Zp-submodule of 0^2 by the embedding 

00 

sp^:A^ 

k=2 

ifi)T=, ^ ii^Vkifi))Z,)t2- 

Through the homeomorphic group isomorphism IT = (Z/(/) - 1)Z) x Zp, we identify IF 
as the analytic space given as the disjoint union of p - 1 copies of Zp. As a closed Zp- 
subalgebra of C(IT Zp), Aq consists of locally analytic functions on Zp whose restrictions 
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on ^ + p{p -1)V7 <z ^ + {p - 1)V7 = Zpare given by single power series in Zp[[X - ^]] 
for any ^ 6 N n \0,p{p - 1) - 1]. In particular, it contains Up and the characteristic 
functions l^+p(p-i)vr of 4" + p{p - 1)W for each ^ 6 N n \0,p{p - 1) - 1]. We denote by 
z & Aq the element corresponding to rip, and by 6 Aq the idempotent corresponding 
to l^+p(p_i)iy for each 4" 6 N n [0,p(p - 1) - 1]. We put ■= ze^ 6 Aq for each ^ e 
N n [0,p(p - 1) - 1]. Identifying e^Ao with Ao/(I - e^)Ao = Zp[[X]], we obtain a 
presentation Aq = ^piiz^ - 4’]]- Let (ho,/o) 6 N x C(W,Zp). We define a map 


/o 

ho 


: W 


A 




fo(x) 

ho 


It is a polynomial function on fo with coefficients in Qp, and hence is continuous. There¬ 
fore we regard it as an element of C(W, Zp). Let (d,f)£(l+ pZp)xC(W, Zp). The infinite 
sum 


h=0 ' ' 


converges in 1 -i- pC(W,Zp) c C(W,Zp) because d - I e pZp. Suppose / e Aq. We have 


h \ 6pZp[/]cAo (h>l) 


because we have 


(d - 1)^ 
h\ 


\d-inpi 




< \p\ 




3 

= 1 pr 


\P\ 


h- — 

" P-1 


;.(p-2) 

\P\ 


= 1 (h = 0) 
< 1 (h>l) 


hy p 2. Since Aq is closed in C(1T, Zp), d^ also lies in Aq. Since the embedding 
A() ^ C(1T, Zp) is a homeomorphism onto the image, the infinite sum in the definition of 
d^ also converges to d^ in Aq. More concretely, d^ lies in the closure of 1 -l- pZp[/] c Aq. 


By the universality of Iwasawa algebra, the continuous group homomorphism 

1+AZp C(W,ZpT 

y 

induces a continuous Zp-algebra homomorphism Zp[[l -l- AZp]] ^ C(1T, Zp). We remark 
that since 1 -l- NZp is contained in 1 -l- pZp, we have = xiy) for any {y,x) 6 

(1-1- NZp) X W. Through the Amice transform 

Zp[m] L, Zp[[l+AZp]] 

A ^ [1+A]-1, 
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it corresponds to the Zp-algebra homomorphism 

Zp[[X]] ^ C(W,Z^) 

X (l+Nf-l, 

whieh is injeetive by the Weierstrass preparation theorem and the faet that the exponential 
funetion (1 + N)^ is a transeendental funetion. This embedding faetors through Aq 
CCIT, Zp), beeause Aq is elosed in €(1^, Zp) and the Zp-subalgebra of C(1T, Zp) generated 
by (1 + Ny 6 Aq is dense in the image of Zp[[l + A^Zp]]. We regard Aq as a pro finite 
Zp[[l + AZp]]-algebra through the embedding by Corollary II .2 1[ 

Proposition 3.14. For any {A, F, i) 6 no(/)) x A^ x N with A = | ^ ^ j and F = (Fj)J^^^, 
the infinite sum 


oo min|!,y| 

p,.2(A,F)r.= J]Fj Yj 

j=0 h=0 

converges in Aq, and the map 


(i+j-h-l 

]~[ (z-2-m) 


V in=i 




J-h 


U-h)\ 


dZ-2-i-j+h 


P.-2 : floCp) X Aq ^ Aq 


(A,F) ^ (p._2(A,F),),, 


IS continuous. 


a b 


c d 


and F = Eaeh term in 


Proof. Let (A, F, i) 6 floCp) x Aq x N with A 

the infinite sum in the definition of p,_ 2 (A, F), lies in Aq by the argument above. For any 
6 W, we have - Upix) - m) e pAo + (z^ - z)Ao. The family 


{(pAo + (z^ - z)Ao)^Ao I h 6 : 
forms a fundamental system of neighbourhoods of 0, beeause of the presentation 

p{p-i)-i p(p-i)-i 

Ao= n Zp[[zf-^]] = Im Y\ (Z/p'■Z)[Zf-^]/(Zf-^)^ 

^=0 r,/z€N ^=0 


We have 


minify} 

/|=0 


’'i+j-h-l 

]~[ (z-2-m) 


fPi 

Y\(z - 2 - m) 


V tn=i 

^ IfJ 


h ui-h 


A-h 




.dz-H+h 


V m=i 


a-h)\ 

Aq c p\z^ - zi-^ J"''Ao c (pAo + (z^ - z)Ao)L VJ 


r=0 
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for any 7 e N with j > i, and hence p,- 2 (A, F), converges in Aq by the linear completeness 
of the profinite Zp-algebra Aq. The continuity of p ,-2 follows from that of 


f]p,_2:no(p)x]^Z^ 


k=2 


k=2 

iA,{iakj)Zo)Z2) 




\\K 

k=2 

(Pk-2iA,iakj)T=o))k=2^ 


because UZ 2 Pk -2 ° (iduoCp) x SP^) = sp^ op,_ 2 . 

Theorem 3.15. The pair (Aq ,p,_ 2 ) is a profinite Ao[no(p)]-moJM/e, and the map 


□ 



{fi) 


00 

/=0 






k=2 


Yj ^'Pkifi)(^k-2,i 
V i=o 4=2 


is an injective continuous Ao-linear IlQ{p)-equivariant homomorphism. 

Proof. The embedding sp^: (Aq,p,_ 2 ) 0 ^ 2 ,Pk- 2 ) is an injective continuous Aq- 

linear IloCpj-equivariant homomorphism onto the closed image by the definition of p.- 2 . 
Since its target is a profinite Ao[no(p)]-module, so is the source. Let l\ (Aq,p,_ 2 ) ^ 
Y[Z= 2 ‘^k -2 denote the map in the assertion. Then l is a continuous Ao-linear floCp)- 
equivariant homomorphism because it is the composite of sp^ and the canonical projec¬ 
tion 


TUk-2 '■ Zp ^ =^-2 

k=2 k=2 k=2 

((ak,i)T=o)k=2 ^ (^-t-2 ((a/t,;)“o))r=2 ’ 

which is a continuous Ao-linear floCpj-equivariant homomorphism by Lemma 13.21 Let 
/ = (fi)Zo ^ ker(t). For any i eN, f: W ^ Zp is zero on the subset N n [z -l- 2, 00 ) which 
shares infinitely many points with ^ -l- p{p - 1 )VF for each ^ 6 N n [ 0 ,p(p - 1 ) - 1 ], and 
hence fi = Ohy the identity theorem for rigid analytic functions on ^ -l- p{p - 1 )VF = pZp 
for each ^ 6 N n [0,p(p - 1) - 1]. Thus / = 0. We conclude that i is injective. □ 

Remark 3.16. The profinite Ao[no(p)]-module (Aq ,p,_ 2 ) also admits a geometric con¬ 
struction using p-adic linear fractional transformations and distributions. We define a 
continuous action 1 xm^ of no(p) on ZpXZp by setting (1 xmp)(A, (x,z)) '■= ix, fUpiA,z)) 
for each {A,x, z) 6 no(p) xW xZp. Then by Proposition ! 1. 361 we obtain a commutative 
linearly complete Zp[no(p)]-algebra (C(W x Zp,Zp), (1 x mpfi). The map 

^:no(pr ^ C{WxZp,Zp) 

op 

I 1 -^ (x(cz + d): (xo, Zo) Xoiczo + d)) 


lab 
\ c d 
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satisfies the condition in Corollary 11.391 with respect to I x nip. Therefore we obtain 
a linearly complete Zp[no(/))°P]-module (C(1T x Zp,Zp),(l x nipY^). Since 1 x and 
X{cz + d) for any (c, d) 6 pZp x Z^ are rigid analytic functions, the /)-adically complete 
Zp-subalgebra Zp{z, c C(Zp x Zp,Zp)P”^ = C(Zp^^^ x Zp,Zp) = C(1T x Zp,Zp) 
consisting of rigid analytic functions of Gauss norm < 1 is stable under the action of 
no(p). Similarly, the p-adically complete Z^-subalgebra -^,w} c C(1T x 

'Zp,Zp) consisting of locally analytic functions whose restriction on the subspace -l- 
p{p - l)W) X Zp c IT X Zp is given as the restriction of a rigid analytic function on 
VT X Zp of Gauss norm < 1 for any ^ 6 N n [0,p(p - 1) - 1] is stable under the action 
of rioCp). The Iwasawa-type dual of Zp{z^ - ^,w} is naturally identified with 

n^p-i)-! ^ Ao[[w]] = Aq, and hence (1 x nip)'^ induces a continuous 

action of IIoCp) on A^. The action coincides with p,_ 2 . 

For each A: 6 N n [2, oo), we also denote by sp^ the continuous Zp-algebra homomor¬ 
phism obtained as the composite 

Ao — > Zp T^k,N- 

We regard as a profinite Ao-algebra through sp^ by Corollary ll.21[ It is easy to see 
that sp^: Ao ^ T;t ;v is a Zp[[l -l-AZp]]-algebra homomorphism. We recall that we defined 
the structure of T<-a? as a profinite Zp[[l -l- AZp]]-algebra in ^1.31 

We regard 


k=2 

as a profinite T<i:(,_A?-module through the embedding 

ko 

T</to,v ]~[ 
k=2 

and also as a profinite Ao-module through the evaluation 

kp kp 

PI sp^ : Ao ^ Zp° ' PI 

k=2 k=2 

F ^ 

The actions of T<iQ and Aq give two actions of Zp[[l -l- AZp]], and they coincide with 
each other. Therefore we regard 

k=2 
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as a profinite (T<j(.o,A?<8)Zp[[i+rap]]Ao)-module in the way in Example |1.19[ Taking the in¬ 
verse limit, we regard 

oo 

k=2 

as a profinite (AoTiv)-module. 


We denote by 




Sym5-2(zg</*cflSym5 

JZp 

the image of (A^ ,p,_ 2 ) by the embedding in Theorem 13.151 and put 

/ oo \ / ^ 

^k-2dk := Y]^k-2 Sym^-^ (Zl) dk . 

JZp \ ^^2 / \dZp , 

It is a profinite Ao[no(p)]-module admitting speeialisation maps 

Sp^g : I ^ =5f^o-2 

JZp 

given by the eanonieal projeetions for eaeh ko 6 N ^ [2, oo). For a formal symbol H 6 
we denote by 


the image 


Hiri(NX<^k-2)dk 

JZp 

of the eontinuous Ao-linear Heeke-equivariant homomorphism 

Jz„ 




k=2 


whieh is a profinite Ao-module endowed with an aetion of for eaeh prime number £ 
and S „ for eaeh n e N eoprime to N. By Lemma [2^ we have a natural homeomorphie 
Ao-linear isomorphism 

U*(r:(N\^t-2)dk^ {Tm,^k-2)dk 

beeause (A^,p._ 2 ) is a first eountable profinite Ao[no(p)]-module. 

We set 


ri(A 0 





1 ^k-2dk := 


fZp 

^JZp 

/ 
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See ^2.2l for this eonvention. We have speeialisation maps 


2^1 






assoeiated to the speeialisation map sp^^^ for the eorresponding topologieal Ao[no(p)]- 
modules for eaeh 6 N n [2, oo). We denote by 



the image of the eontinuous Ao-linear Gal(Q/Q)-equivariant homomorphism 

\ n“ °° 

^k-2dk\ f] (Ym^, ^k-i) , 

JZp / 


and it is a profinite Ao[Gal(Q/Q)]-module. By Proposition l2.1 1[ we have a natural home- 
omorphie Ao-linear isomorphism 



{Ym,-^k-2)dk, 


on whieh the aetion of for eaeh prime number £ and S „ for eaeh n eN eoprime to N on 
the right hand side eommutes with that of Gal(Q/Q) on the left hand side by Proposition 

imi 


Proposition 3.17. The specialisation map 

^ ^k- 2 dl^ ^ Wq, ^^0-2) 

given by the canonical projection is surjective for any A:o g N n [2, 00 ). 

Proof. By the definition of the prodiserete eohomology and Proposition I2.11[ we have 
natural homeomorphie Ao-linear isomorphisms 


f ■!^k-2dl^ = r .^,_2dk 

\ JZp / \ JZp I 

M’^,(Ym^,^k,-2) = j^\Tm,-^k,-2). 
Therefore the assertion follows from Proposition 12.41 
For a formal symbol 


□ 


57 










we denote by 


the image of the composite 






Hf,dk —> 


oo 


n«‘ 




I |(^A:)free) 


k=2 


and regard it as a profinite Ao-module endowed with a continuous action of Ti for each 
prime number € and for each n 6 N coprime to N when ^ formal symbol 

corresponding to cohomologies of (^^- 2 )^ 2 ’ a continuous action of Gal(Q/Q) 

when ^ formal symbol corresponding to cohomologies of {<^k- 2 )‘^= 2 - 

natural homeomorphic Ao-linear isomorphisms 



H‘(ri(A),^,_2)free^^ 


^\Y,(N\^k-2\..dk 

JZp 

J^,l(YmQ,^k-2\^^Jk, 

Jz„ 


such the first isomorphism is Hecke-equivariant, and the action of for each prime 
number k and S„ for each n 6 N coprime to N commutes with that of Gal(Q/Q). 


Theorem 3.18. The action ofT^for each prime number t and S „ for each n e N coprime 
to N induces a well-defined faithful continuous Ao-linear Gdd{Q^fQ)-equivariant action 

of^N. 

Proof We put 

L := 

JZp 

OO 

M := 

k=2 


(YfN\,^k-2\^Jk 


It follows from the natural isomorphism (T^' ^)free ^ a? that the action of Hecke 
operators gives a well-defined faithful action 

T».,» X (y,(N)5, ^ (y,(W)5, 

for any ko 6 N n [2, 00 ). Therefore the action of Ti for each prime number i and S„ for 
each n £ N coprime to N induces a well-defined faithful action x M ^ M, which is 
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continuous by the universality of a direet produet, beeause it is given as the inverse limit 
of the eontinuous aetions 


ki 


h 


^<hJ^ X n (>'■ wq’ ^ n (^><'^0' 

kQ=2 kQ=2 


free 


for eaeh 6 N n [2, oo). Sinee is generated by Heeke operators for any ko e 
N n [2, oo), the Zp-subalgebra A c generated by for eaeh prime number £ and 
for eaeh n e N eoprime to N is dense by the definition of the inverse limit topology. 
Therefore for any (T,c) e x L, T{c) lies in the elosure of the image of L in M. Sinee 
L is eompaet and M is Hausdorff, T{c) lies in the image of L. Therefore the aetion 
of for eaeh prime number i and 5„ for eaeh n e N eoprime to N induees a well- 
defined faithful Zp-linear Gal(Q/Q)-equivariant aetion x L ^ L, whieh is eontinuous 
beeause the topology of ^k- 2 dk)pree eoineides with the relative topology 

of n.“=2 ^J)free. □ 

We put AqTa? := Ao<S)Zp[[i+A?Zp]]Tw. By the aetion of in Theorem l3. 181 we regard 

Jz„ 


as a pro finite AoTA?[Gal(Q/Q)]-module. It is a huge module, and we eut it by a slope 
eondition in the next seetion. 


3.2 Restriction to Families of Finite Slope 

Let s 6 N\{0}. We extraet the eomponent of slope < s from the huge eohomology dealt 
with in the end of ^3.11 For eonventions of Heeke algebras of finite slope, see ^1.31 For 
eaeh ko eN n [2, oo), we set 

(yiWQ. := (rW q. , 

where is regarded as a profinite T<.Q^/v[Gal(Q/Q)]-algebra by the trivial aetion of 
Gal(Q/Q). It is a profinite T^''^[Gal(Q/Q)]-modules finitely generated as Zp-modules. 


We put AoT<^ := 
profinite AoT^r-algebra. We denote by 


;p[[i+vz„]]T^" (resp. AoT|^"^ := 


;„[[i+vz„]] N 


and regard it a 


f 


dk 

the image of the natural eontinuous homomorphism 

AoT<^®AoT. I (Fi(A)q, dk^W ’ 
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and regard it as a profinite AqT^^ 


-module. 


Let ^0 6 N n [2, oo). The truneation maps 

• Aq ^ Aq 

{Fi)Zo ^ (Fo,...,i^-to-2,0,0...) 


and 


T • . a” 

^ko,+ • Aq ^ Aq 


{FdZo ^ 

are eontinuous Ao-linear idempotents. For a l-eoeyele 


c: ri(A) 


/■ 


^k-idk. 


we eonsider the eomposite c': T\{N) (A^ ,p,_ 2 ) of c and the inverse of the homeomor- 

phie Ao-linear no(p)-equivariant isomorphism 


CO 

]~^sp^: (Ao,p,_2) ^ I J^k-idk. 

k=2 dZp 


By the proof of Proposition 12.Ill ri(A) is a finitely generated free group. Heneeforth, 
we fix a basis (yhYl^i of the finitely generated free group ri(A). By the isomorphism in 
Lemma [231 we identify Z^FiCA),(A^,p,_ 2 )) with (A^)^. Put c' = through the 

identifieation. Set Tkg,±(c') := (t^o,±(Ca))a=i> and denote by 


r.o,±(c): ri(A) 


f 


^k-idk. 


the l-eoeyele obtained as the eomposite of t^o,±(c') ^nd 0^2 ®P<:- We obtain eontinuous 
idempotents _ and T;to,+ on 


Z'(ri(A), r ^u-idk 
\ Jz„ 


with Tk„^_ + = id. 

Lemma 3.19. If \ N, then the image of 


T,„,_|zi|ri(A),£ ^,^2dk 


generates a dense -submodule of 


JY,l(YfN)Q,^k-2y'dk 

Jz„ 


for any ^ ^ + 1- 
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Proof. We always identify the group eohomologies and the eorresponding etale eoho- 
mology by Proposition [ZTTl Put 

L := dk 

JZp 

M := ZMri(A^), r ^u-idk 

\ Jzp 

M := f 

\ JZp 


M<k, :=WM’^,{YdN\,^k-2A 

k=2 

for eaeh A:i e N n [2, oo). Let c 6 L. By the definition of the inverse limit topology, it 
suffiees to verify that the image of c in M<^j is eontained in the (Aq ®Zp[[i+NZp]] ^)- 
submodule generated by the image of for any 6 N n [fco, Let A:i 6 N n 

[p^ oo). By Proposition 1 1 .421 and Proposition 12 ■4[ there is a lift 



C/ti 6 TAf[A] (8 »T;v ^ 

of the image Qj of c in M<k^ with respeet to the T^^-algebra homomorphism Ta?[A] ^ 
T<Lv: ^ ^ P'T;'- PutQ,'= for 6 Take a lift 6 M 

ofcki,n foreaehn 6 Nn[0,no]- WehaveQ|,„ = r^o-(^*i,n) + 'r,to,+(Q,,«). As aeonsequenee, 
Q, is deeomposed into the sum of the images of 

«0 

^ X” (g) Tko-iCki,n) 6 Zp[X] ®Zp Tko-{M) 
n=0 
no 

® Tko,+(Cki,n) 6 Zp[X] ^Zp Tko.+iM), 

n=0 

and henee it sufhees to verify that the image of Tk^^+fM) in M<k^ is eontained in the 
(Aq ®Zp[{l+NZp^^ ;v)-submodule generated by Tkf,_{M). Before that, we ealeulate the 
image of Tko,+(M) by Tp. 


By the homeomorphie Ao-linear no(p)-equivariant isomorphism 


OO 

]~^sp(k): (A[^,P._ 2 ) ^ I .^k- 2 dk. 

k=2 dZp 


and Lemma [Z5l we identify M with (A^)^. The double eoset deeomposition eorrespond¬ 
ing to Tp is given as 


ri(fV) 


1 0 
0 p 


ri(fV) 


p-i 

L|ri(^) 


e=o 


1 e 

0 p 
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Let /z 6 N n [1, J] and 0 6 N n [0,;? - 1]. Since the right hand side is a double coset of 
the action of ri(A^), there is a unique 6(h, 0)6Nn[l,;7-l] satisfying 


Ah,e •- 


1 

0 


e 

p 



1 6{h,e) 

0 p 


6 ri(iv). 


We denote by 6 N the word length of with respect to the basis Put 


Ahfi = 77 

h,eA 


^h' 


forunique(/z;,X'i 6(Nn[l,J]/*.''and((r,,,X'i 6{l,-l^«withr,7^^ ^ 1 for 

’ ’ '‘'h,d,n '‘'h,9,n7l 

any n 6 N n [1,- !]• We define an 6 by setting 


^h,d,n 


f yP'W . 
K,e,i 

- P'h,9,n- 

■■7h' 

'^K9,n-\ 


^ P'h,9,n- 

7h' 

V A.fl.l 

yfi' 

^‘h,9,n-l 


-1 


7'hfi,n ~ 1) 
(f hfi,n ~ 1) 


for each n e N n [1,4,(?]- For any 1-cocycle c: Ti{N) (A^,p,_ 2 ), we have 


/ 

\ 

4,^-1 


\7l7 ■ 

\ K9,i. 

■ ■ 77’] 

'■,6,4,9 / 

= z.^-n4,9,. • 

72=1 

■■717"^', cl 




~ ^ (^h,0,nP»-2{Ahfi,nj 


n=l 


for any h 6 N n [1, J] and 0 6 N n [0, p - 1]. Therefore the double coset operator Tp with 
respect to the presentation of the decomposition above acts on M as 


Tp: (A^r 


(A^r 

fp-l f/ ^ ^ \i 4e 




J]p-2 


\e=o 


0 p 




, ^ crhfi,nP —2 [Ahfip, [f 


n=\ 


JJh=l 


For any (c, n) 6 N'Zp x (N\{0}), we have 


\cT\p\ 


Z oo 

h=l\ 


kl” 

n{p-2) _n _yoo _o_ 

Id p-' IpI'-' 


(1 < n < p - 1) 

(n > p - 1) 


< |c|<|A| 

by p 2. For any (A, F) 6 Fi(A) x Tko,+(^Q) with A = 

/ 00 min|!,y| 


a b 
c d 


and F = we have 


P,-2(A,F) = 


\j=kQ-\ h=0 



I 

h 


( /+ j—h— 1 

Y\ (z-2-m) 


V m=i 


h iJ-h 


J-h 




(j-h)\ 


_dZ-2-i-j+h 


F=o 
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6 


N(z - fco)T^o,-(Ao ) ® '^Jto,+(Ao ) C p\z - fco)Tyto-(A^) © t^o,+(Ao ) 


by the condition \ N. For any 0 6 Nn [0, p - 1] and F e p\z - fco)TA:o-(A q ) ® "^^o.+CAo) 
with F = (FO^o’ 


P.-2 


1 

0 


e 

p 



^ oo min{/,7} 

^ 7=0 h=0 


(i+i-h-l 

]~[ (z-2-m) 


Qj-h ^ 

h/ ^ j^z-z-j+A 


V ./=o 


Ef. '■ 


V m=i 
\ 00 


p\-ey 




u-hy. 


/fci 


;=0 


F=o 


by the condition ko > 5+1. Therefore the image of Tko,+(M) by Tp is contained in 
p\z - ko)Tko-iM) © p^TkoAM) c AM. 


Let c 6 TkgA^y put c = (ci,.. .,Cd)(^oY by the identification. Set c[0] := c, 
and put rp(c[0]) = p^d by ad e (z- koAk^-i^) ® As an equality of the images 

in M<ki , we have 


p"c[0] = TpX®c = X®TpC = AX © d. 


and hence c[0] = X®d because M<ki is torsionfree as a Zp-module. Put c[l] := Tk^A^)- 
Then the image of c[0] in M<k^ coincides with that of 

X © TkoAd) + ^ ® c[l] 6 Zp[X] ^z„ ((z - koAkoAM) © ti^A^)) 

Repeating similar calculations, we obtain a c[n] 6 Tk^A^) such that the image of c[0] 
coincides with that of A” © c[r] modulo the (Aq ©Zp[[i+vZp]] T[i^^^^)-submodule generated 
by the image of (z - k^Ak^A^)- Therefore the image of c[0] in M^k^ lies in the p-adic 
closure of the (Ao©Zp[[i+AfZp]]T<^,, 7 v)-submodule generated by the image of (z-koAkoA^)’ 
because the action of pM~^ on the image of M in M<k^ is topologically nilpotent with 
respect to the p-adic topology by the proof of Proposition 11.431 Since M<ki is finitely 
generated as a Zp-module, every Zp-submodule is p-adically closed. Thus the assertion 
holds. □ 

Theorem 3.20. Suppose p^ \ N. Then the profinite AoT^^lGaliQ/Q)]-module 

JZp 

is finitely generated as a (AoT^'')-moJM/e. 
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Proof. Put 


M 

L 



The continuous Ao-linear homomorphism ^ M obtained by the embeddings 




\d 


{{Fh.i)U)U ^ ((F,,o,...,F^,„0,...))Li 

M ^ (A^Y 

oo 


C 1-^ 


n*p* 

VV k=2 


{c{yh)) 


Jh=\ 


is a homeomorphic isomorphism by the definition of M, and hence M is a finitely gen¬ 
erated free Ao-module. Let £ c M be a Ao-linear basis. For each c e E, we denote 
by c 6 L the image of c. By Lemma [3. 191 the image of the continuous (AoT^^)-linear 
homomorphism 

tzt: (AoT^O"" ^ L 

(Fc)ceE ^ FcC 

ceE 


generates a dense (AoT^^)-submodule of L. Since AqT^^ is compact and L is Hausdorlf, 
the image of nr is closed. Thus nr is surjective, and L is generated by the image of the 
finite set £ as a (AoT^O-module. □ 

Definition 3.21. We set 


Hi (Ti(iV)Q, Sym*^«-2 (R\nNUQp)E,(N))r 

:= Qp®z,^t'(Fi(A0Q,^;c-2)"' 

(Ti(A0q, Sym'-2 (R'(;r^)*(Qp)£.(V)))"' dk 

JZp 

■= ^J(yi(mQ,^/c-2fdkj, 


and regard them as (Qp <S>Zp AoT^'^j-modules endowed with a (Qp <S>Zp AoT^'^j-linear action 
ofGal(Q/Q). 


Remark 3.22. By Remark [3771 we have a natural projection 

H‘, (Ti(iV)Q, Sym'o-^ (R'(n^)*(Qp)£,(^))) 
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^ (i^i(A^)q, Sym'°-2 (R'(;r^)*(Qp)£,(iV)))^' 

corresponding to the eanonieal projeetion Qp (8)z„ = Qp <S>z, Tko,N ^ Qp ®z, = 

Qp ®z„ 

We denote by the kernel of the speeialisation map AqT^'' ^ ^1^n- 
Lemma 3.23. If p’' \N, then for any ko 6 N n [2, oo), the specialisation map 

X ffl oo 

(yi(A)Q, ^k-iY dk^W (liCaoq, ^ ^^0-2)^' 

P k=2 


is a surjective continuous AoT^''-/mear Gal(QIQ)-equivariant homomorphism, and if 
ko > max{5 + 1,3}, then the kernel of its localisation 


(Li(iV)Q, Sym'-2 (R'(;r^)*(Qp)£,(;v)))^' dk 

JZp 

H^t (Ym^, Sym^^o-^ (R'(;r^)*(Qp)£.(,v)))^' 


coincides with 


p<s 

^ko 


l^£ (yi(A)Q, Sym'-2 (Ri(;r^)*(Qp)£,(^)))" Jkj . 
Proof Let ip denote the homomorphism in the assertion. Put 

L := M’J,(YfN\,^k-2T dk 

JZp 

M := £ 


and 


Mu, := je^,(Ym^,^k,-2) 

k, {Yki,N^Tk,.N 


free 




Mi; := 

for eaeh ki G N n [2, oo). The natural eontinuous AoTA?-linear homomorphisms 


AoT^''<8>AqTjv 3^ ^ AoT^*<8»AgXjv3^j(:i 
AoT<^®AoT.M,. ^ T<;>AoT.M,, = M- 

are surjeetive by Proposition II. Ill Proposition [3T71 and the surjeetivity of the eanonieal 
projeetions AqTa -» and AqT^'' -» YuqN- Therefore (p is surjeetive. Before eal- 
eulating the kernel of Qp ®Zp we verify that the natural T^^^-linear homomorphism 
^ is injeetive for any ki 6 N n [2, oo). 


65 






Let 6 be an element whose image in is 0. By the definition of 
the image of in (T[^^^[X]/(rpX - p^)) (g)^[<..] is annihilated by p’^ for an r e N, 

and hence the image of in 

We have an identification (g)rp[<s] given by the basis ^ of 

^ ’ k-^,N ^ ^ 

the free Tj.'j^^^-module T[^'*^[X]. Since Tp is integral over Zp as an element of there 
is an (n,A) 6 N x such that ALp = p'^. Since is torsionfree as a Zp-module, 
the equality ATp = /?” ensures that the endomorphism on given by Tp is injective. 
Therefore we obtain 

<" n {(T,.x - pOT^m 0,,.., m;"i) = 0. 

It implies p’"c]^^^^ = 0. Since is torsionfree as a Zp-module, we get = 0. 

In the following, for each c £ M and A:i e N n [2, oo), and for each formal symbol 
(k, (t) 6 [ko, < A:i} X {0, [< 5 ], < 5 }, we denote by ^ the image of c in n^L 2 when k is 
the formal symbol < k\, and in when k is the formal symbol k^. Similarly, for each 
6 L and A:i 6 N n [2, 00 ), and for each formal symbol k 6 [k^, < k\}, we denote by 
the image of in 0^12 when k is the formal symbol < ki, and in when k 
is the formal symbol k^. Let c[0]^^ 6 ker(Qp ^)- We prove c[0]^-* 6 P^(Qp ®Zp Q- 
Multiplying c[0]^^ by p sufficiently many times, we may assume that c[0]^^ lies in the 
image of L. Let qi 6 N\{0} denote the order of the finite Abelian p-group torp(T[^^^(g)Ttj^ 
M/t,), and ^2 6 N\{0} the order of the finite Abelian p-group torp(H^(ri(A), We 

prove ^i^2c[0]^^ 6 ^Uo^- Since is the kernel of a continuous homomorphism, the 
profiniteness of AqT^* ensures that of Since P^^^ is profinite and the map 

(pt:i ^ p 

I 

j=l 

is continuous, its image P'^^L is closed. Therefore in order to prove ^i^2c[0]^^ 6 
suffices to verify that qiq2c[0]^l^ lies in the image of P'^L for any ki 6 N n [ko + 1 ,00). 
By the definition of L, there is an (n,c[l]) e N x M such that = c[0]^^^. 

In particular, r”c[0]^^^ = p”''c[l]^P^ lies in the image of the natural -linear 

homomorphism 0^12 ^ 0^12 which is injective by the previous argument. 

We have 

p’^-^c[i]<: = r;(pT;')"c[i]<; = r;c[ 0 ]<; = = o, 

and hence c[l]^^^ = 0 because Y\ll2^k^ torsion free as a Zp-module. It implies 
= 0 by the injectivity of the natural T^t^ Ar-linear homomorphism 
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Therefore the image of c[l] in lies in torp(T[^'^ ^ M^,), and henee that 

of <?ic[l] is 0. Let S c TjtQ,A? be a finite subset of generators of the kernel of the eanonieal 
projeetion Then the image of q\c{\] in lies in YjAes Take a lift 

S c Tft? of 5. By the definition of S , the image of S in is eontained in P^. Take a lift 
c[2] 6 c M of the image of q{c\l]ko- Sinee the image of S in is eontained 

in lies in the image of P^^P- 

We identify the group eohomologies and the eorresponding etale eohomology by 
Proposition [2TTJ In the following, for eaeh l-eoeyele c: ri(//) ^ (A^ ,p,_ 2 ), we denote 
by Qg: ri(A) ^ ■S^'ko-i the speeialisation of c at ko, and by c 6 M the image of the 
eohomology elass of c. Take a l-eoeyele c[3]: ri(A) ^ (Ag ,p,_ 2 ) representing q'cil] - 
c[2] through the homeomorphie TA?-linear isomorphism 

pm 

]^sp^: (A^,P._2) ^ I ^k-idk. 

k=2 dZp 

Sinee c[3]i:g = q{c\l]ko - c[2]^g = 0, the eohomology elass of c[3]a;o is annihilated by 
p'' for an r 6 N, and henee <?2c[3]ig is a 1-eoboundary. Take a Z? 6 ^k^-i sueh that the 
1-eoboundary db assoeiated to b eoineides with q 2 c\?)]kQ- Let b denote the image of b by 
the Zp-linear embedding 

SymJo-^CZj) A^ 

ko-2 

^ biekQ-2,i (bo, ■ ■ ■, bkQ-2,0 ,0,.. .)• 

;=o 

We denote by db 6 B^TiCA^), (A^ ,p,_ 2 )) the 1-eoboundary assoeiated to b. Then we 
have {db)kQ = db = ^2c[3]^;g. Therefore every value of the l-eoeyele ^2c[3] - db is 
an element of A^ whose speeialisation at ko vanishes. By the faetor theorem for a rigid 
analytie funetion, there is a set-theoretieal map c[4]: ri(A) ^ Aq sueh that (z-ko)c[4] = 
<?2 c[3 ] - db. Sinee Aq is a torsionfree Ao-module, the eoeyele eondition for <?2c[3] - db 
ensures that c[4]: ri(A) ^ (A^,p._ 2 ) is a l-eoeyele. We eonelude 

[qm-dVlTA) = ^P'T-'y (^ 2 c [ 2 ]- + (z - ko)c[4]<l), 

and the right hand side lies in the image of P^L. □ 

3.3 p-adic Family of Modular Forms of Finite Slope 

A prime ideal of Aq is said to be of weight k for a k 6 Zp if its preimage in Zp[[l -l- A^Zp]] 
eoineides with the prime ideal of height 1 obtained as the kernel of the eontinuous Zp- 
algebra homomorphism Zp[[l -l- A^Zp]] ^ Zp assoeiated to the eontinuous eharaeter 

1 + NZp -A Z^ 

h 

y \-^ y 

of weight k by the universality of the Iwasawa algebra. 
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Proposition 3.24. Let ko 6 Zp. For any w 6 N n [0, p - 2], the principal ideal 


/ 





f = 0 

^ ^ (^Xp,ko-nF^ 


is a closed prime ideal of height 1. Moreover, a prime ideal m c Aq is of weight ko if and 
only ifm coincides with mu,kofor a w 6 N Pi [0,p - 2], 

See the beginning of ^3.1l for the convention of;^p,„. 

Proof Since Zp[[X]] is Noetherian (resp. compact, resp. Hausdorff), so is Aq. Therefore 
every ideal of Aq is closed. Let m 6 N n [0,p - 2]. We have 



f = 0 

^ ^ i^Xp,ko-uP^ 


Zp X 0 = Zj 


and hence m^^ko is a closed prime ideal of height 1. The composite tp of the embedding 
Zp[[l + AZp]] Aq and the canonical projection Aq -» Ao/m„ jtQ = Zp coincides 
with the continuous Zp-algebra homomorphism pko associated to the continuous character 
1 + NZp ^ Zp : 7 by the universality of the Iwasawa algebra. It implies that m„ jt,, 
is of weight kg. 

On the other hand, let m c Aq be a closed prime ideal of height 1 of weight ko. Since 
ker(^j(:o) does not contain p, we have p ^ m. Therefore mPipAo = pm because m is a prime 
ideal. By definition, we have (1 + A)^-(l + 6 m because [1 +N]-{l+N)^ 6 ker(^iQ). 

Let / 6 1 + pC(W, Zp). We have 



for any h 6 N\{0}, and hence the infinite sum 












converges in C(W, Zp). If / 6 1 + pAo, then we have 


-if-lfeZp 


/-I 


c Ao, 


for any h e N\{0}, and hence log/ e Aq because Aq is closed in C(W,Zp). Since the 
embedding Aq C(V7, Zp) is a homeomorphism onto the image, the infinite sum in the 
definition of log / converges to log / in Aq. For any /o 6 1 + pAo with / - /o 6 m, we 
have 


1 




P*//o-l . /-/o 


+ 


6 -rifo - 1)^ + m 
h 


P P 

because f - fo £ niH pAo = pm. Since m is closed, we obtain 

oo^ ^/-i 

‘ 08 /=E - D* Z = E 

h=i h=i ^ ' \h=i 

In particular, we obtain 

iz - ko) log(l +N) = log(l + Nf - log(l + Nf° 6 m 


+ m = (log/o) + m. 


by a usual calculation. Since 1 + A is not a root of unity, we have log(l + N) 0. 
Therefore we obtain log(l + N) £ Zp\{0} = [JreN and hence z - ko £ mhy p ^ m. 
It implies mu,ko c m for some u £M r\[0,p - 2], because we have 



r 



\ 

(z - fco)Ao = 

'— 

1 1 

(Z - + 

P{P~1)-1 



«o=0 

1 

f = 0 

i ^ {UoXpfio-UQ)^^^ y 

/ 


Since m shares height with we conclude m = mu^ko- n 

For a topological Ao-algebra Ai, we denote by f2(Ai) the set of continuous Zp-algebra 
homomorphisms Ai ^ Zp. 

Proposition 3.25. Let Ai be a compact topological Ao-algebra. For any (p £ fl(Ai), 
^(Ai) is a Zp-subalgebra of Zp finitely generated as a Zp-module. 

Proof. Let cp £ f2(Ai). Since tp is continuous, ^(Ai) is a compact Zp-subalgebra of 
the Hausdorff topological Zp-algebra Zp. Therefore ^(Ai) is a compact Hausdorff topo¬ 
logical Zp-algebra with respect to the relative topology. Let JF denote the set of Zp- 
subalgebras R of Zp integrally closed in Qp R <£ Qp and finitely generated as Zp- 
modules. The set ^ is directed by inclusions. We have and hence 

UReji^iR Fi i,c>(Ai)) = (p(Ai). For any R £ ^, R is compact topological Zp-algebra, 
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and hence R n ^(Aj) is closed in ^(Ai). By Krasner’s lemma, every finite subexten¬ 
sion of Qp/Qp can be obtained as the /)-adic closure of a finite subextension of Qp/Q, 
and hence is a countable set. By Baire category theorem for a Cech-complete (e.g. lo¬ 
cally compact Hausdorff) topological space ( [lBai991l 59, [ |Eng77| 3.9.3 Theorem), there 
exists some Rq e ^ such that Rq n (p{Ai) admits non-empty interior in ^(Ai). It ensures 
that Rq n ^(Ai) is an open Zp-subalgebra of (/?(Ai). Since ^(Ai) is compact, the quo¬ 
tient (p(Ai)/{Ro n ^(Ai)) as additive groups is a finite group. Let ai,..., 6 v(Ai) be a 

complete representative of the canonical projection ^(Ai) ^ ^(Ai)/(i?o ^ ^(Ai)). Since 
\jRe^(R n ^(Ai)) = ^(Ai), there exists some (.Rj)j=i 6 such that a,- e Ri n ^(Ai) for 
any z G N n [1, The integral closure R e ^ of the Zp-subalgebra of Zp generated by 
Uf=o^; satisfies ^(Ai) = Rn (p(Ai), and hence ^(Ai) is a Zp-subalgebra of R. Therefore 
(fiAi) is finitely generated as a Zp-module because Zp is Noetherian. □ 


Let Ai be a compact topological Aq algebra. Lor each cp G f2(Ai), we put Zp[^] := 
Ai/ker((,c), and endow it with the quotient topology. Lor any tp G f2(Ai), Zp[^] is p- 
adically complete by Proposition l3.25l and the p-adic topology coincides with the origi¬ 
nal topology by Proposition 1 1.231 In particular, the continuous Zp-algebra isomorphism 
Zp[^] ^ v(Ai) is a homeomorphism, and hence we identify Zp[^] with ^(Ai) for any 
ip G fl(Ai). Lor a ko 6 Zp, diip e f2(Ai) is said to be a Zp-valued point o/Ai of weight ko if 
the preimage of ker(^) in Aq is of weight ko, and we denote by Q(Ai)iQ c f2(Ai) the sub¬ 
set of Zp-valued points of Ai of weight ko. We set supp(Ai) := {ko 6 Zp | Q(Ai)^q 0}. 
WeputQ(Ai )5 := f2(Ai)^. for each 5 c Zp, and denote by wt: Q.(Ai)z^ -» supp(Ai) 

the canonical projection. 


Definition 3.26. A A-adic domain is a compact Hausdorff topological Ao-algebra Ai 
satisfying the following conditions: 


(i) The intersection supp(Ai) n (N n [2, oo)) is an infinite set. 


(ii) Lor any infinite subset 2 c f2(Ai)Nn[2,oo), the equality ker(i/:) = {0} holds. 
Proposition 3.27. Every A-adic domain is an integral domain. 

Proof. Let Ai be a A-adic domain. Assume / 1/2 = 0 for some (/i,/ 2 ) 6 Aj. Then for 
each ip G f2(Ai)Nn[2,oo), we have ipifftipifi) = (piffi) = ^^(0) = 0 g Zp, and hence either 
Vifi) = 0 or ip{f 2 ) = 0 holds. Therefore by the pigeonhole principle, one of the subsets 
{ip G f2(Ai)Nn[2,oo) I ip{f\) = 0} and [ip G Q(Ai)Nn[ 2 ,oo) I (pifi) = 0} is an infinite set, 
because f2(Ai)fjn[2,oo) is an infinite set by the condition (i). It implies that either fi = 0 or 
/2 = 0 holds by the condition (ii). Thus Ai is an integral domain. □ 

Proposition 3.28. Every A-adic domain is a commutative profinite Ao-algebra. 

Proof. Let Ai be a A-adic domain. The conditions (i) and (ii) ensure that the continuous 
Zp-algebra homomorphism 

Ai ^ Zp[(/j] 

ifeCl(Ai) 
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/ ^ (/+ ke%))ygn(Ai) 


is injective, and hence is a homeomorphic isomorphism onto the closed image, because 
Ai is compact and ’Z.p[(p] is HausdorfF for any ip 6 Thus the assertion holds 

because the target is a commutative profinite Ao-algebra. □ 

We show an explicit way to construct a A-adic domain. For this sake, we introduce 
a notion of the analytic space associated to a A-adic domain. We identify W with the 
disjoint union of p{p - 1) copies of open unit balls. For each open disc D c W of radius 
Ipr for an r 6 N, we denote by Ao(Z)) the profinite Ao-algebra of Z^-valued rigid analytic 
functions on D. 


Definition 3.29. A A-adic domain Ai is said to be affinoid if the structure morphism 
Ao ^ Ai factors through the Weierstrass localisation Aq ^ Ao(T)) for an open disc 
D c VF of radius |pr for an r 6 N, and if Ai is finitely generated as a Ao(T))-module. 

Proposition 3.30. Let Ai be a A-adic domain (resp. an affinoid A-adic domain), and A 2 
a commutative etale Ai-algebra which is an integral domain and is finitely generated as 
a Ai-module. Then A 2 is a A-adic domain (resp. an affinoid A-adic domain) with respect 
to the canonical topology on A 2 as a Ai-module. 

Proof. For the detail of the canonical topology, see Proposition 11.151 and Proposition 
11.251 Let ko 6 N n [2, 00 ), and ip 6 ^2(Ai)^q. Since Ai is an integral domain and A 2 is 
a commutative etale Aj-algebra finitely generated as a Ai-module, there is a Aj-algebra 
homomorphism ip\ A 2 ^ Q_p extending ip by going up theorem. By the definition of the 
canonical topology, ip is continuous and lies in Q(A 2 ),to- Therefore supp(A2)n(Nn[2, 00 )) 
is an infinite set. Let S c i2(A2)Nn[2,oo) be an infinite subset. For each ^ 6 Z, we denote by 
Ip 6 Q(Ai)fjn[ 2 ,oo) the composite of cp and the structure morphism Ai A 2 . Since A 2 is 
finitely generated as a Ai-module, Z := {^ | ^ 6 Z} c ^2(Ai)Nn[2,oo) is an infinite set. Let 
F 6 Plyez ker(^). Let P(X) = P^X" ■+■ YfiiZo 6 Ai[X] denote the minimal polynomial 
of F over Ai. For any ^ 6 Z, we have 


iplPo) = (p 


-PnF’^ 


n-\ \ 

'Lr.F'- 


h=\ 


n-\ 


= -lp(Pn)^{Fr - Yj TiPhMPf = 0 . 


h=l 


Since Ai is a A-adic domain and Z is an infinite subset of ^2(Ai)Nn[2,oo), we obtain Pq = 0. 
Therefore P(X) 6 Ai[X]X. Since A 2 is an integral domain, we get n = I and P(X) = 
X. Thus F = 0. We conclude that A 2 is a A-adic domain (resp. an affinoid A-adic 
domain). □ 

We denote by the Berkovich spectrum of for each affinoid Qp-algebra £/. 

For details of analytic spaces, see iBer90ll and [|Ber93ll . Let Ai be an affinoid A-algebra, 
and D c VF be an open disc of radius |pr for an r 6 N such that the structure morphism 
Ao ^ Ao factors through the Weierstrass localisation Aq ^ Ao{D) and Ai is finitely 


71 












generated as a Ao(Z))-module. Taking a finite subset [Fh | 6 N n [1, J]} c Ai of 

generators as a Ao(Z))-module, we obtain a surjective Ao(Z))-algebra homomorphism 


rzr: Ao(Z))[Xi,...,XJ ^ A^ 

Xh ^ Ff 


Let D c Zp denote the open unit disc containing D sharing the radius with D, i.e. D := 
{z 6 Zp I ''wo 6 D, ^wi e D,\z- wo\ < \wi - wo|}. Then m yields a 1-dimensional analytic 
subset 


iy^C(A] 


,) := {(Zi)U 6 


—d+l 

Zp 


Zo 6 D, F(zo, zu...,Zd) = 0,'^F £ ker(rzT) 


More precisely, Ai corresponds to a Qp-analytic space in the following way: For each r 6 
N\{0}, we regard a topological Ao-algebra by the continuous 

embedding 


p{p-i)-\ P(P-i)-i 

Ao= n ^ n 

(=0 f =0 

Since Ai is finitely generated as a Ao(D)-module, “ ^)}) ®Ao Ai 

is a 1-dimensional affinoid Qp-algebra over “ 0) with respect to 

a complete non-Archimedean norm unique up to equivalence for each r 6 N\{0}. We 
obtain a locally compact cr-compact Hausdorff Qp-analytic space as the colimit 


//p(p-i)-i 


r€N\|0| 


:= [J ^ Y\ hz(-0] 


\\ f=0 


®Ao Ai 


We remark that there is another way to construct ^^(Ai) independent of the presen¬ 
tation (p, whose underlying set is naturally identified with the set of continuous mul¬ 
tiplicative seminorms on Ai. We call ^p(Ai) the formal affinoid space associated to 
Ai. It is not an affinoid space unless Ai = 0, and is a countable union of affinoid 
spaces. For each 4" 6 N n [0,p(p - 1) - 1], Ao/e^Ao is an affinoid A-adic domain. 
We put W := Uz€Nn[o,p(p-i)-i] We have a natural etale morphism from 

W hy the construction. We remark that Ai can not be reconstructed from 
.^p(Ai). Indeed, every Ai-subalgebra Aj of the integral closure of the image of Ai in 
Ai <S)Zp Qp finitely generated as a Ao-module is an affinoid A-adic domain with a natu¬ 
ral isomorphism ^^(Aj) ^ ^p(Ai). Now we verify that analytic curves with suitable 
conditions admits an etale covering by the formal affinoid spaces associated to affinoid 
A-adic domains. 


Theorem 3.31. Every closed good Qp-analytic space etale over W admits an open cov¬ 
ering by formal affinoid spaces associated to affinoid A-adic domains. 
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See [|Ber901 3.1.2, iBer931 1.2.15, and [|Ber93i Definition 3.3.4, for the notion of a 
elosed analytie spaee, a good analytie spaee, and an etale morphism between analytie 
spaees respeetively. 

Proof. Let C be a elosed good Qp-analytie spaee with an etale morphism C ^ W, and 
x 6 C. Sinee is a smooth Qp-analytic spaee, so is C. Put y := f{x). Sinee C is good and 
ifj is etale, there are affinoid neighbourhoods V c C and U <z W of x and y respeetively 
sueh that V c and f\v'. V —> U is a finite etale morphism with V = 

{y}. In partieular, H‘’(y, &c) is a eommutative H‘’(f/, ^ 5 ^)-algebra finitely generated as a 
H°(f/, ^ 5 ^)-module. Since C is closed, replacing Uhy a larger one, we may assume that y 
does not lie in the relative boundary ofUinW. Therefore there is an open disc D c of 
radius \pY for an r 6 N such that jc 6 D c t/ and V Pi ^“'(D) is connected. Since D is the 
increasing union of closed discs, V n is the increasing union of connected affinoid 

subdomains. It implies that H°(y n ^c) has no non-trivial idempotent by Shilov 

idempotent theorem ( [|Ber901 Theorem 7.4.1). Since C is smooth, H°(y n ffc) is 

an integral domain. It is easy to see that Ao(D) itself is an affinoid A-adic domain. The 
commutative etale Ao(D)-algebra H‘’(y n ^c) = Ao(D) ^c) is 

finitely generated as a Ao(D)-module. We endow H°(y n ^c) with the canonical 

topology as a Ao(D)-module. By Proposition 13.301 H'’(y n ^c) is an affinoid 

A-adic domain. Thus the assertion follows from the fact that the affinoid localisation 
H°(y, ^c) ^ H°(y n iA'HD), ^c) gives an identification ^^(H°(y n iA'HD), ^c)) = 

y n □ 

Remark 3.32. Theorem 13.311 ensures that there are many explicit examples of A-adic 
domains. One of the most important example of a closed good Qp-analytic space over 
W is the reduced eigencurve introduced in HEmeU Theorem 2.23 obtained as the closed 
subspace of Spf(T^^) x Aq interpolating classical Hecke eigenforms, where is the 
universal Hecke algebra of level N generated by Hecke operators for each prime num¬ 
ber £ p and S e for each prime number £ coprime to N. Unlike the original reduced 
eigencurve introduced in [ICM98II 6.1 Definition 1 and iCM98ll 7.5, the reduced eigen¬ 
curve forms a family of modular forms of the fixed level N. Every closed good reduced 
Qp-analytic space of dimension 1 admits a smooth alteration given by the normalisation. 
Therefore the reduced eigencurve admits a smooth alteration with an open covering of 
the complement of a discrete subspace by formal affinoid spaces associated to affinoid 
A-adic domains. 

Henceforth, let Aj denote a A-adic domain. Imitating the definition of a Berkovich 
spectrum ( iBer901 1.2), we endow D(Ai) with the weakest topology for which the map 

|/|:D(Ai) ^ [0,cx,) 

^ lv(/)l 

is continuous for any / 6 Ai. Let Z c D(Ai) be an infinite subset endowed with the 
relative topology. The evaluation map 

Ai ^ ^ 
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is injective because Ai is a A-adic domain. The image of Ai is contained in C(Z, Zp) 
by the definition of the topology of f2(Ai). The induced map Ai C(S, Zp) is not 
necessarily continuous with respect to the p-adic topology of C(S, Zp), while the inverse 
of its restriction onto the image is continuous by Corollary 11.131 We remark that the 
relative topology on C(2, Zp) c Z^ is the topology of pointwise convergence, and hence 
Ai can be naturally identified with a Zp-subalgebra of C(2,Zp) compact with respect to 
the topology of pointwise convergence. Now we introduce a notion of a Ai-adic form. 
For the convention of slope, see ^1.31 

Definition 3.33. A Ai-adic form of level N is an f{q) 6 Ai[[( 2 ']] such that f((p)(q) := 
'Lh=Q^{ah{f))q'' 6 Zp[^][[< 5 r]] lies in Mwt(y)(ri(A^),Zp[^]) for all but finitely many ip 6 
fi(Ai)Nn[ 2 ,oo). We denote by M(ri(A), Ai) c Ai[[( 5 r]] the Ai-submodule of Ai-adic forms 
of level N. 

When Ai is an affinoid A-adic domain appearing in an open subspace of a smooth 
alteration of the cuspidal locus of the reduced eigencurve as in Remark 13.321 then we 
obtain a Ai-adic form of level N by pulling back the family of systems of cuspidal Hecke 
eigenvalues on the reduced eigencurve. Therefore a reader does not have to mind the 
existence of a non-trivial Ai-adic form. On the other hand, we have no evidence of the 
finiteness of M(ri(A), Ai) as a Ai-module. Restricting it to the case where a family is 
allowed to be of finite slope in the following sense, we verify the finiteness. 

Definition 3.34. Let s 6 N\{0}. A Ai-adic form f{q) of level N is said to be locally of 
slope < 5 if f{ip){q) 6 Zp[^][[^]] lies in \{N),'Zp{ip\Y^ for all but finitely many 

tp 6 0(Ai)Nn[2,oo)- We denote by M(ri(A), c M(ri(A), Ai) the Ai-submodule of 

Ai-adic forms of level N locally of slope < s. 

Henceforth, we fix an ^ e N\{0}. Let R c Qp be a subring, and e: ^ Qp a 

Dirichlet character. We put 


:= M,„(ri(A),R)<^ nM,„(ri(A), e,R) 

= M,„(ri(A), Qp)<^ n M,„(ri(A), e,R). 

If R contains the image of e, then MiQ(ri(A), e,RY^ is an intersection of R-submodules 
M^o(ri(A),Qp)^-',M^u(ri(A), e,R) c stable under the action of Hecke 

operators, and hence is an R-submodule of M^Q(ri(A), Qp) stable under the action of 
Hecke operators. In fact, the assumption that R contains the image of e can be removed 
by iDI95ll Theorem 12.3.4/2, [IDI95II Proposition 12.3.11, and [IDI95II Proposition 12.4.1, 
but we do not use the result. 

Let;^: (Z/AZ)^ ^ Aj^ be a group homomorphism. A Ai-adic form f{q) of level N is 
said to be with characterx if fi<4>){q) 6 lies in Mwt(v>)(ri(A), 1,0 o;^,Zp[(/j]) for 
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all but finitely many tp 6 ri(Ai)f^n[ 2 ,oo)- We denote by M(ri(A),;^, Ai) c M(ri(A), Ai) 
the Ai-submodule of Ai-adic form of level N with character We put 

M(ri(A),;r,Ai)[<^] := M(ri(A),;r, Ai) n M(ri(A), 

There is a unique Ai-linear action of for each prime number € and for each n 6 N 
coprime to N on M(ri(A),;y, compatible with the specialisation maps. The action 

is given explicitly in the following way: 

M(ri(A),;r,Ai)[<^] ^ M(ri(A),;r,Ai)[<^] 

1 zr=o«^/.(/V’ (^iA^) 

f(q) ^ x(n + NZ)n>^-^f(q). 

Henceforth, we fix a group homomorphism : (Z/AZ)^ ^ A^. We show a certain 
finiteness of M(ri(A), For a ring R and a left i?-module M of finite length, we 

denote by £r{M) 6 N the length of M. 

Lemma 3.35. The set {dim^ M^:(ri(A),Qp)f^'*^ | 6 N n [2, oo)} is uniformly bounded 

by the constant 

max £zJiiUrm,M- 2 /p'^')). 

keN I \ \ n 

2<k< s + 

Proof. We denote by C 6 N the constant in the assertion. Let k\ 6 [2, oo). For each 
commutative topological Z^-algebra R, put 

MR:=R®^n\YfN),^k,-2)- 

lik\ e N n [2,5 -I- p^], then we have 


dimQ^^ M,,(Fi(A), < dimQ^^ M,.(ri(A), Q^) 

< dimQ^^ Mq^ = dimQ^, Mq^ = rankz/A/z^)free < 4p(Mz/p'+iz) < C 

by the Eichler-Shimura isomorphism ( [|Shi59ll 5 Theoreme 1, [|Hid93i 6.3 Theorem 4). 
Therefore we may assume k\ > 5 -i-p^ -i-1. Let A/Qp denote the finite Galois subextension 
of Qp/Qp generated by eigenvalues of Tp acting on MkfYfN), Qp). Put 

Jo := dimQ^M,,(Fi(AO,Qp)"^ 
di := dims = dimj^ Mr. 

V/; Vp 

Every eigenvalue of Tp acting on Mr is contained in K, and the sum of the dimensions of 
the generalised eigenspaces of Tp acting on Mr with eigenvalues a satisfying lor] > |p|'' 
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is greater than or equal to do by the Eichler-Shimura isomorphism again. In particular, 
we have do < di. Take a basis of Mq such that the matrix representation of Tp 

with respect to is a Jordan normal form with diagonal Put V := and 

j Kci c V for each /q e N n [0, The increasing filtration is 

stable under the action of Tp by the choice of We denote by Ok the valuation 

ring of K, and by VP c V the image of Mq^. By the functoriality of the action of Tp, W 
is a Tp-stable lattice of V. Put ,^'VP := VP n ,^‘V for each / 6 N n [0, Ji]. We verify 
eKdo < {oKyTp{W)l{Tp{W) n ;?-''^^VP)), where Ck £ N\{0} is the ramification index of 
Kl%. 

For any / 6 N n [1, Ji], we have 

io, {Tp{%T^{W))l{Tp{gT^{W)) n 
= to, (aigr%{W)l{aigT^{W) n 

^ I -log|,,^l|^| (Ia,-I>lpr) 
lo (|a,l<lpr) ’ 

where tik is a uniformiser of K, and in particular, the inequality 

^o,{Tp{gr%{W))l{Tp{gx%{W)) n > log|,,^| \p\ = ck 

holds for any / 6 N n [1, Ji] with la,I > Since the sum of the dimensions of the 
generalised eigenspaces of Tp acting on H^(ri(//), Sym^‘''^(^^,pjf2)) with eigenvalues a,- 
satisfying |a,| > |p|-* is greater than or equal to do, we obtain 

di 

J] to, (Tp(gT^(W))l(Tp(gy^(W)) n p^^'gr^(VP))) > CKdo- 

i=\ 

Therefore it suffices to show 

di 

Y, io, (Tp{gr'^{W))l{Tp{gT^{W)) n p^"'gr^(W))) 

!=1 

< to,{Tp{W)KTp{W)Of^^W)). 

Since VP is an O/f-submodule of a .fiT-vector space V^, VP is a torsionfree O/f-module. Since 
is induced by the increasing filtration of ^-vectors spaces, we have 

,^'VP n p^^^W = for any / e N n [0, Since (^'VP)^^q is induced by the 

increasing filtration of ^-vectors spaces again, gr^VP is naturally regarded as 

an O^f-submodule of a ^-vector space gd^V, and hence is a torsionfree O/f-module for 
any / 6 N n [1, Jj]. Therefore the exact sequence 

0 ^ ,F'VP ^ ^'+^VP ^ grj^VP ^ 0 
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induces an exact sequence 


and the commutative diagram 


0 - 

—> 


-> grj'w 

-> 0 


Tp 

\ 


Tp 

\ 


Tp 

\ 



0 - 



-> {gxfW)lp^^^ - 

—> 0, 


induces a complex 


Tp(^'W)/(Tp(^‘W) n 
^ W)l{Tpi^‘^^ W) n W) 

^ Tpigvf W)l(Tp(gf^^ W) n W). 

Therefore the inequality 

V (Tp{^'W)l{Tp{^'W) n p^^^W)) 

+£o, (Tp(gi:%^W)/(Tp(gr%^W) n p^*^gr%^W)) 

< to, W)/{Tp{^‘^^ IT) n IT)) 

holds for any / 6 N n [0, Ji - 1]. As a consequence, we obtain the inequality 

to, (Tp(W)/(Tp(W) n p^^^W)) = to, {Tp{^^^W)/{Tp{^‘^^W) n p^*^W)) 

> to, (Tp(^‘‘^-^W)KTp(^‘‘'-^W) n P^^'IT)) 

+to, (Tp(gv%W)l(Tp(gv%W) n p^'igrJlT)) 

> to, (Tpi^‘‘'-^W)liTpi^‘‘'-^W) n P^+'IT)) 

di 

+ ^ to,(Tp{gt^W)l{Tp{gx%W)C\p^*^gt^W)) 
i=d\ — \ 

> to,(Tp{^^W)l{Tp{^^W)r\f^^W)) 

di 

+ Y, io, (Tp{gx^^W)l{Tp{gx'^W) n p^-^'gr^lT)) 

i =2 

di 

> Yj ^o, (Tp(gx‘^W)/(Tp(gf^W) n p^^'gr^lT)), 

which was what we wanted. 

Put Wo := (Mz^)free. By the flatness of Ok as a Zp-module, the natural 0^-linear 
homomorphism 

Ok (Tp{W^)l{Tp{W^) n Wo)) ^ Tp(W)l(Tp(W) n W) 
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is an isomorphism, and hence we have 


4, {Tp{W^)l{Tp{Wo) n = —4. (Tp(W)l(Tp(W) n p^-^^W)) > do. 

The canonical projection Mz -» Wq induces a surjective Zp-linear homomorphism 
Tp{Mz^)/{Tp{Mz^) n ^ Tp(Wo)l(Tp(Wo) n and hence we obtain 

4, (Tp{Mz^)KTp{Mz^) n > 4, (Tp{Wo)/{Tp{Wo) n > ^o- 

Therefore in order to verify the assertion, it suffices to show 

4, (Tp{Mz^)/{Tp{Mz^) n p^^^Mz^)) < 4, (h^ (ri(iV), , 

where 4 is the unique integer with ko e M n [s + I, s + p^] and ki - ko 6 p^Z. Since 
Mzp is finitely generated as a Zp-module, the natural (Z/p'^'^^Zj-linear Hecke-equivariant 
homomorphism 

is an isomorphism by the proof of Proposition l2.4[ Since ki > s + p^ + l,'we have ki > ko. 
By Lemma [T4l we have a surjective (Z//)^'^^Z)-linear Hecke-equivariant homomorphism 

and hence 

4,(h‘ {r,(N}.^k.-2/p’*')) + 4„(kerK:i,fo-2)) = 4,(Mz,//)"‘). 

Moreover, the action of Tp on ker(ziT ^^^2 ko-i^ ^ proof of Lemma [TT9l we obtain 

4,(ker(rz7-i2,.o-2)) + 4, [t p{Mz^)!{Tp{Mz^) n p^"'Mz,)) < 4„(Mz,//2-i). 

It ensures the inequality 

4, (Tp{Mz^)l{Tp{Mz^) n < 4, (h' (ri(iV), . 

We conclude 

do < 4 , (h' (ri(iV),^,„_2/;2^"')) < c. 

□ 

Definition 3.36. Let 7? be a ring. A left i?-module M is said to be adically finite if there 
is an r 6 such that r is not a zero divisor and rM is contained in a finitely generated left 
i?-submodule of M. 
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Theorem 3.37. The Ay-modules M(ri(A^), and M(ri(A),^, are adically 

finite. 

The proof is quite similar to that of [IHid93H 7.3 Theorem 1. 

Proof. We deal only with M(ri(A), beeause a similar proof with the follow¬ 
ing works for M(ri(A0,A^, Sinee Ai is an integral domain by Proposition 13.271 

M(ri(A), c Ai[[^]] is a torsionfree Ai-module. We regard M(ri(A), as a 

Ai- submodule of Frae(Ai) (g)Aj M(ri(A), Let J 6 N, and assume 


dimp„e(A.)(Frac(Ai)®A. M(ri(A), Ai)[<^]) > d. 


Take a system (fdie^inu.d] 6 (M(ri(A), Ai)^^''^)'^ of Frae(Ai)-linearly independent ele¬ 
ments. We define a deereasing sequenee of Frae(Ai)-veetor spaees by setting 



for eaeh e N. Sinee Frae(Ai)'^ is of finite dimension, we have nr=o Fa = Vh^ 
for some hg e N n [l,oo]. On the other hand, 0/7=0 Fa coineides with {0} beeause 
(fdiehinu.d] is a system of Frao(Ai)-linearly independent elements. It implies that the 
system 6 of d vectors of length //q -i- 1 is Frac(Ai)-linearly inde¬ 

pendent, and hence there is a strictly increasing sequence {hjY.^^ 6 (N n [0, hglY such 
that A := {OhfifdYj^y 6 Mrf(Ai) lies in GLd(Frac(Ai)). 

Put D := det(A) 6 Ai\{0}. Since D 0, there is a ^ 6 f^(Ai)Nn[ 2 ,oo) such that ffip) e 
Mwt((p)(Fi(A), QpY^ for any z 6 N n [l,d] and (p{D) 4 ^ 0 because A\ is a A-adic domain. 
In particular, ip{A) := ((piahfiffiYj^y = {ahfifi{<p)))ij=i 6 MfiZp) satisfies det(^(A)) = 
ip{D) 4 0, and hence lies in GL^(Qp). It implies that the system ^ 

of d vectors of length d is Qp-linearly independent. In particular, the system (fi((p))Yi is 
Qp-linearly independent. It ensures that d is bounded by the constant in Lemma 13.351 
and hence Frac(Ai) (g)Aj M(Fi(A), is a finite dimensional Qp-vector space. 

Let J 6 N denote dimFrac(Ai)(Frac(Ai) (g)A, M(Fi(A), Ai)^^-*^) 6 N. By the argument 
above, there is an (/zy)^^j, 4 ) e (M(Fi(A), Ai)t^''^)^xN‘^xQ(Ai)Nn[ 2 ,oo) such that the 

system {fdYi is Frac(Ai)-linearly independent, {hjYj^y is a strictly increasing sequence. 



lies in GLj(Frac(Ai)). Then Frac(Ai) (8 )ai M(Fi(A), Frac(Ai)/- by the 

definition of J. Put D := det(A) 6 Ai\{0}. We verify DM(Fi(A), c ^‘l^yAyf. 

Let / 6 M(Fi(A), Since Frac(Ai) ®a, M(Fi(A), = 0^^^ Frac(Ai)/, there 

is an (Fi)Yi 6 Frac(Ai)^ such that Jili Fif = f. We obtain a linear equation 


A(Fi)U = (ahfny 
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and hence 


D{FdU = D{A-\aH^{f)fj^,) = (det(A)A-')(a„//))^^i 6 Af. 

Thus Df = Y.U{DFi)fi 6 0ti Ai/'. We conclude DM(ri(A), Ai)[<^] c 0^^ Aj/-. □ 

Corollary 3.38. The following hold: 

(i) The Ai-modules M(ri(A), and M(ri(A),;^f, are generically finite. 

(ii) If Ai is Noetherian, thenML(r\{N),A]fi^^'' andyi{Yi{N),x,Aif^^'' are finitely gen¬ 
erated. 

(in) There is a finite subset S c r2(Ai)Nn[2,oo) such that f{(p){q) e l^pWWfqW lies in 
M^t(^)(ri(A),Zp[^])<Vorany/(^) 6 M(ri(A), andipe Q(Ai)Hn[ 2 ,oo)\S. 

(iv) If Ai is Noetherian, then the Ai-modulesML(J'i{N),A\f^^^ andML(J'i{N),x,A\f^^^ 
are closed in Ai[[^]], and hence are compact Hausdorff topological A\-modules 
with respect to the relative topologies. 

Proof. The assertions (i) and (ii) immediately follow from Theorem l3.37l For the asser¬ 
tion (iii), take a Frac(Ai)-basis E c M(Fi(A), of Frac(Ai) Oa, M(Fi(A), 

and a D 6 Ai\{0} such that DM(Fi(A),c For each f{q) 6 E, let 

S f c. Q(Ai)r^n[ 2 ,oo) denote a finite subset such that f((p)(q) lies in Mwt(^)(Fi(A),Zp[i^])^‘' 
for any tp 6 Q(Ai)Nn[2,cx))\5'/. Let Sd denote the support {ip 6 Q(Ai)Hn[ 2 ,oo) I ^(T>) = 0} of 
D. Since D 0, 5 d is a finite set because Ai is a A-adic domain. Set S := 5z)UlJjg£ 5/ c 
^^(Ai)Nn[ 2 ,oo)- Let/(f?) 6 M(Fi(A), and ^ 6 Q(Ai)Nn[2,oo)\5'. Since 5 contains 

V)feESf, (p{D)f((p) = (Df)(ip) lies in Mwt(^p)(Fi(A),Zp[^])<k Since S contains So, we 
have (p(D) 6 and hence f(ip) lies in Mwt(^)(Fi(A), Zp[(p]fi\ For the assertion (iv), we 
deal only with M(Fi(A), Ai)t^*k Take a finite subset E c M(Fi(A), Ai)^^*^ of generators 
as a Ai-module. The Ai-linear homomorphism 

Af ^ Ai [[-?]] 

{Ff)feE ^ 'Yj Fff 
AE 

is continuous. Since A^ is compact and Ai[[( 5 r]] is Hausdorff, its image M(Fi(A), Ai)^^*^ 
is closed. □ 

We denote by Reg^''(Ai) the set of all tp e f^(Ai)Nn[ 2 ,oo) such that for any f(q) e 
M{YdN),A,f<^\ f(<p)(q) 6 Zp[p,][[q]] lies in Mwt(^)(Fi(A),ZpM)<^ By Corollary [338] 
(iii), Q(Ai)Nn[ 2 ,oo)\Reg^''(Ai) is a finite set, and hence Reg^''(Ai) is an infinite set. For 
each (p 6 Reg^''(Ai), we denote by 

c M^,f^^frfN),cpox,Zp[cp]r 
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the image of by the speeialisation at (p, and by 

c Endz,[,] {M^{Ym,X,^pV<p]i"'^) 


the eommutative Zp[^]-subalgebra generated by Heeke operators. Then is a Zp[^]- 
algebra finitely generated as a Z^-module, beeause Mwt(^)(ri(A), cp o;^^, Zp[^])^-' is finitely 
generated as a Zp[^]-module and Zp is Noetherian. Let S c Reg^^(Ai) be a finite subset. 
We denote by 


Ai/|^ker(^) 


ifieS 


rp[<i] 

^€S,N,X 


c End 


■Al / kerCv?) 


0M^(ri(A),;r,ZpM) 


V ifisS 


the eommutative (Ai/ H^oes ker(^))-subalgebra generated by for eaeh prime number f 
and Sn for eaeh n e N eoprime to N. We have a natural embedding Ai/ Places ker(^) 
n^c €5 Zp[^], and henee Ai/ ker(^) is finitely generated as a Zp-module. Sinee 
0y,£sMwt(v>)(ri(A^),^ o;^/,Zp[^]) is finitely generated as a (Ai/ker(^))-module, 
(Al / Pieces ker(^))Tg'^''jy^ is finitely generated as a Zp-module. We set 


AiT 


[<i] ._ 


/ 


\ 



5cReg<-^(Ai) 


Ai/|^ker((/7) 

k Ifies y 


rp[<i] 

e5,V,^’ 


where S in the limit runs through all finite subsets of Reg^'(^i)- We regard it as a 
profinite (Ai(8)A|,AoT|^^Valgebra by Corollary 1 1.2 1[ 

Proposition 3.39. If Ai is Noetherian, then the action ofTtfor each prime number i and 
S „ for each n eN coprime to N extends to an action 

AiTg xM(ri(A),;t',Ai)'"^^ ^ MCriCA),;^, 
continuous with respect to the relative topology ofM.(J'\{N),x, Ai)^^''^ c Ai[[( 5 r]]. 

Proof By Corollary 13.381 (ivl. M(^l(A),;^f, is a elosed Ai-submodule of Ai[[^]]. 

Therefore the assertion holds by a similar argument with that in the proof of Theorem 

Km □ 

Proposition 3.40. If Ai is Noetherian, then AiT|^^^ is a commutative Ai-algebra finitely 
generated as a A\-module, and hence is Noetherian. 

Proof By Corollary 13.381 (iil. it suffiees to show the injeetivity of the Ai-algebra homo¬ 
morphism 

r AiTg^ ^ EndA, (M(rfN),x,Aif<^^) 

indueed by the aetion in Proposition 13.391 Let A 6 ker(i). Let tp 6 Reg^^(Ai) and 
6 M^(ri(A),;r,ZpM)[<^], and take a lift f{q) 6 M{Tm,X, of f^{q). Sinee 
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the specialisation ^ M^(ri(A),;^,Zp[^])f^^l is continuous and com¬ 

patible with the action of for each prime number £ and 5„ for each n 6 N coprime to 

N, the equality L(A)(J(q)) = 0 implies that the image of A in sends f^(q) to 0. 

Therefore the image of A in is 0. Since the natural homomorphism 

A.Tg'^ n 

(PSReg^yAl) 

is injective by the definition of we conclude A = 0. Thus i is injective. □ 

Corollary 3.41. If Ai is Noetherian, then the continuous Ai-bilinearpairing 

AiTgxM(ri(A),;r,Ai)'"^’ ^ Ai 

(A,f(q)) ^ a,(Af) 

is non-degenerate, and it gives ¥t:ac{Ai)-linear isomorphisms 

Frac(Ai) AiT^J = (Frac(Ai) M(rdN\X, 

Frac(Ai) ®a, MiY^(N),x, Ai) = (Frac(Ai) ®a. AiT^)"' , 

where denotes the Vr:ac{Ai)-linear dual HomFrac(Ai)(F)/or a Vr:ac{Ai)-vector space V. 

Proof. The first assertion implies the second assertion by Proposition 13.271 Corollary 
13.381 ('ill, and Proposition 13.401 because M(ri(A),;\f, is a torsionfree Ai-module. 
Let A 6 AiTl;;;^ with ai(A/) = 0 for any f{q) 6 Let f{q) 6 

M(ri(A),;^f, For any h G N\{0}, we have ah{Af) = adThAf) = adA{Thf)) = 0. 

It implies that Af is a constant. Since there is no nontrivial modular form which is a 
constant, Af = 0. Therefore the proof of Proposition 13.401 ensures A = 0. Thus the 
pairing is right non-degenerate. Let f(q) e M(ri(A),;^f, with afAf) = 0 for any 

A 6 For any h G N\{0}, we have a/,(/) = a\{Thf) = 0. It implies that / is a 

constant. Since there is no nontrivial modular form which is a constant, / = 0. Thus the 
pairing is left non-degenerate. □ 

A Ai-adic form f{q) of level N is said to be a A^-adic eigenform of level N if f{q) + 
0 and for any Hecke operator T, there is a df{T) G A\ such that {T - Af{T))f(q) = 

O. Such a system (Af(T))T is unique because Aj is an integral domain by Proposition 
13.271 It is obvious that the specialisations of a Ai-adic eigenform of level N at all but 
finitely many cp G f2(Ai)Nn[2.oo) are eigenforms over Zp of level N, but we do not know 
when the converse holds. A Ai-adic form f(q) of level N is said to be a Ai-adic cusp 
form of level N if f{(p)iq) is a cuspidal eigenform over of level N for all but finitely 
many tp G f2(Ai)Nn[2,oo)- A Ai-adic eigenform f{q) of level N is said to be normalised 
if ad f) = 1, and is said to be a A\-adic cuspidal eigenform of level A if / is a Ai-adic 
cusp form of level N. Let f{q) be a Ai-adic cuspidal eigenform of level N. Suppose 
that / is normalised. We have Af(Th) = anif) = a\{Thf) for any h G N\{0}, and hence 
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/(<?) = Z/T=i ^fiTh)q^- Thus / is explicitly determined by the system {Af{T))T. Suppose 
that / is not necessarily normalised. We have ao(/) = 0 and a\{f)Thf = ah{f)f for 
any h 6 N\{0} by definition. It implies that a\{f) 0, a/,(/) 6 ai(/)Ai for any 6 N, 

and Af(Th) = ai{f)~^ah{f) for any h 6 N\{0}. Therefore is a normalised Ai- 

adic cuspidal eigenform of level N. Thus every Aj-adic cuspidal eigenform of level N 
is given as af{q) for a unique pair (a,f) of a constant a 6 Ai and a normalised Ai- 
adic cuspidal eigenform / of level N. Now we show a relation between normalised Aj 
cuspidal eigenforms of level N and a continuous Ai-algebra homomorphisms > 

Ai. 

Proposition 3.42. If Ai is Noetherian, then for any Ai-adic eigenform f{q) of level N 
with character X locally of slope < s, there is a unique continuous A\-algebra homomor¬ 
phism Af'. ^ Ai extending the system (Af(T))T. 

Proof Let c be a Aj-subalgebra generated by for each prime number t 

and Sn for each n 6 N coprime to N. Then is a dense Ai-subalgebra of by 

the definition of the inverse limit topology. It implies the uniqueness of A/ because Ai 
is Hausdorff. We define A/ by setting Af(A) := afAf) for each A e where Af 

is given by the action defined in Proposition 13. 391 Then dj is continuous, and since / is 
a Aj-adic eigenform of level N, is a Ai-algebra homomorphism. It implies that Af 
is a Ai-algebra homomorphism extending {Af{T))T by the continuity of the addition and 
the multiplication of A i . □ 

Thus a normalised Ai-adic eigenform of level N with character locally of slope < s 
is regarded as a continuous Ai-algebra homomorphism ^ Ai in the case where 

Ai is Noetherian. The converse correspondence is a little more complicated. 

Proposition 3.43. If Ai is Noetherian, then for any continuous Ai-algebra homomor¬ 
phism d: ^ Ai, there are some a 6 Ai\{0} and f(q) e such 

that aA(A) = a\{Af)for any A e In addition, if f can be taken as a cusp form, 

then there uniquely exists a normalised Ai-adic cuspidal eigenform fxiq) of level N with 
character X locally of slope < s with A = Af^. 

Proof By Corollary 13.4 1[ there uniquely exists an fx 6 Frac(Ai) (g)A, M(ri(A),;t', 
such that for any a 6 Ai\{0} and / 6 M(Yi{N),x, with a~^ ® f = fx, the equality 

a~^a\{Af) = d(A) holds for any A 6 

Suppose that / can be taken as a cusp form. We have ao(f) = 0 and a/,(/) = adThf) = 
aA{Th) 6 aAi for any h 6 N\{0}, and in particular, the equality aff) = ad(l) = a holds. 
Therefore f^ lies in the image of M(ri(A),;y, Namely, fx = Yjh=i A{Th)q^ 6 

M(ri(A),;^f, Ai)[<^k Let A 6 AjTg. We have 

ah{Aff) = afThAfx) = aA{ThA) = aA{Th)A{A) = A{A)ah{ff) 

for any h G N\{0}, and hence Af^ - A{A)fx is a constant. Since there is no non-trivial 
modular form which is a constant, we obtain Afx = A{A)fA. In particular, the equality 
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SnfA = ^(5'«)/ = + NZ))f = xin + NZ)f holds for any n e N coprime to N. Thus 

/i is a normalised Ai-adie euspidal eigenform of level N with eharaeter^ loeally of slope 
< 5 with Af^ = A. 

Let f{q) be a normalised Ai-adie eigenform f;[{q) of level N with eharaeter loeally 
of slope < 5 with A = Af. Then we have a/,(/) = Af{Th) = A{Tf) = ahifx) for any 
h G N\{0}. It implies that / - /i is a eonstant. Sinee there is no non-trivial modular 
form whieh is a eonstant, we obtain f = /a- We eonelude that /a is a unique normalised 
Ai-adie eigenform of level N with eharaeter;^ loeally of slope < s with A = Af^. □ 

We would like to add the element p^T~^ to However, the endomorphism 

on Qp ( 8 )Zp M(ri(A),;^, given by Tp seems not to be invertible, beeause an en¬ 

domorphism on an infinite dimensional eompaetly generated topologieal veetor spaee 
with infinitely many points on the resolvent is never diagonalisable. Therefore for a 
ip 6 Reg^^(Ai), we do not know whether or not the operator Tp is invertible in Qp 

and henee we ean not regard p^Tp^ as an element of Qp < 8 ) 7 ^ 
EndQp(My(ri(A),;^f,Zp[^])t^‘'^). Imitating the result of Proposition 1 1 .421 we set 




for eaeh ip 6 Reg^^(Ai). Sinee Zp[^]T^^^^ is a Zp-algebra finitely generated as a Zp- 
module, so is Zp[^]T^^yy^ by a similar argument with that in ^1.31 For eaeh finite subset 
S c Reg^^(Ai), we denote by 


/ 


A,/f|ker(».) Tg c f| 



the eommutative (Ai/ ker(i/?))-subalgebra generated by (Tf)^es for eaeh prime num¬ 
ber i, {Sn)ipes for eaeh n 6 N eoprime to A, and {p^Tp^)^^s■ We set 



where S in the limit runs through all finite subsets of Reg^^(Ai). We regard it as a 
profinite Ai^AgAoT^^'-algebra by Corollary II .2 1[ 


Proposition 3.44. The continuous -algebra homomorphism 

AiTg[m] ^ AiT<^ 

A p^Tp-i 


is surjective. 

Proof. The assertion ean be easily verified by a similar argument in the proof of Propo¬ 


sition [1331 


□ 
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Corollary 3.45. If Ai is Noetherian, then so is 

We note that every eontinuous Aj-algebra homomorphism A: ^ Ai uniquely 

extends to a Ai-algebra homomorphism 

^ Frac(Ai) 

X p^A(Tp)-^ 


but does not neeessarily extend to a Ai-algebra homomorphism AiT^^^ —> Frao(Ai) 
because the image of p^T~^ in Frac(Ai) does not necessarily topologically nilpotent even 
if one equips Frac(Ai) with suitable topologies. 


Definition 3.46. A Ai-adic family of systems of Hecke eigenvalues of level N with char¬ 
acter x of slope < 5 is a continuous Aj-algebra homomorphism AiT^^^ ^ Ai. 

Definition 3.47. A Aj-adic eigenform f{q) of level N with character is said to be of 
slope < 5 if p^a\{f) 6 ap(/)Ai. 


Suppose that Aj is Noetherian. For a normalised Ai-adic eigenform f{q) of level N 
with character of slope < s, the homomorphism 


AiT^J[m] ^ 

oo 

m=0 


Ai 


ai 


'■ OO ■' 

Y}.p'cip{frYA^f 


\m=0 


/ 


induces a Ai-adic family A/: AiT^'^ ^ Ai of systems of Hecke eigenvalues of level N 
with character of slope < 5 by a similar argument with that in the proof of Proposition 
13.421 Thus a normalised Aj-adic eigenform of level N of slope < 5 is naturally identified 
with a Ai-adic family of systems of Hecke eigenvalues of level N of slope < s. 


A Ai-adic family A: AiT^'*^ ^ Ai of systems of Hecke eigenvalues of level N with 
character of slope < 5 is said to be a Ky-adic cuspidal family of systems of Hecke 
eigenvalues of level N with character x of slope < 5 if the formal power series 

oo 

h=\ 

is a normalised Aj-adic eigenform of level N with character of slope < s such that 
fA(ip){q) is a cusp form over Zp[(^] of weight wt(^) and level N for all but finitely many 
if 6 f2(Ai)Nn[2,oo). A Ai-adic form f{q) of level N with character x of slope < 5 is 
said to be a normalised A\-adic cuspidal eigenform of level N with character x of slope 
< 5 if there is a cuspidal Ai-adic family T/ of systems of Hecke eigenvalues of level N 
with character of slope < s such that / = f^, - The family Af is unique by a similar 
argument in the proof of Proposition 13. 421 By definition, the notion of a normalised Ai- 
adic cuspidal eigenform of level N with character of slope < 5 is equivalent to that of a 
cuspidal Ai-adic family of systems of Hecke eigenvalues of level N with character of 
slope < s even if Ai is not Noetherian. 
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3.4 j9-adic Family of Galois Representations of Finite Slope 

Henceforth, we fix an algebraic closure of and an isomorphism ig oo: Qf —> C, 
and regard Gal(Q^/Qf) as a closed subgroup of Gal(Q/Q) through the embedding o 

1 - 0 , 00 : Q Qf for each prime number € coprime to N. We also regard Gal(C/R) as a 
closed subgroup of Gal(Q/Q) through the embedding io,oo: Q C. 

We denote by Q(Gni[A^]) c Q the sub field generated by a primitive A^-th root of unity. 
We regard each Dirichlet character e : (Z/A^Z)^ ^ as the continuous character on 

Gal(Q/Q) given as the composite 

Gal(Q/Q) ^ Gal(Q/Q)/Gal(Q/Q(Gn>[iV])) = Gal(Q(G^[iV](Q))/Q) 

^ (Z/NZf 4 Q^. 

Let ko e N n [2, oo). For any normalised cuspidal eigenform f(q) over of weight ko 
and level N with character e, by [IShi711l Theorem 7.24 for weight 2 and [|Del69ll N° 3-4 
for general weights > 2 , there is a 2 -dimensional irreducible continuous representation 
Vf of Gal(Q/Q) over Qp(/) called the Galois representation associated to f satisfying 
the following: 

(i) The restriction V/laaKC/R) is odd, i.e. the complex conjugate cpoo 6 Gal(C/R) satis¬ 
fies det(^oo I Vf) = - 1 . 

(ii) The restriction is unramified, i.e. the inertia subgroup of Gal(Qf/Q;) 

acts trivially on V/ for any prime number ■£ coprime to N. 

(iii) Every lift (ft e Gal(Q^/Q^) of the Gth Frobenius satisfies det(X - \ Vf) = 

- ap{f)X NX) for any prime number £ coprime to N. 

We remark that such a representation is unique up to isomorphism by Chebotarev’s den¬ 
sity theorem ( [|Tsc26H Hauptsatz p. 195) and IICar941l Theoreme 1. B. H. Gross proved 
that for any normalised cuspidal eigenform f{q) over of weight 2 and level N, the quo¬ 
tient of the rational Tate module of the Jacobian of Ti {N) by the (Qp < 8 )Zp T<-^ Af)-submodule 
generated by ker(dy) = Annx^^^(/) is naturally isomorphic to Vf twisted by e~^ in the 
proof of HGro90ll Theorem 11.4. To begin with, we verify an immediate generalisation of 
this construction. 

Theorem 3.48. Let ko 6 N ^ [2, oo). For any normalised cuspidal eigenform f{q) over 
Qp of weight ko and level N with character e, the quotient M’f of 

H], (Ti(iV)Q, Sym'o -2 

by the (Qp L]^^ {^)-submodule generated by ker(/lj) is naturally isomorphic to Vf 
twisted by 
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Proof. For a commutative ring R, a commutative i?-algebra A, and a scheme Y over 
Spec(i?), we put Ya := Y Xspec(i?) Spec(A). We denote by YfN)' the moduli of pairs (E, a) 
of an elliptic curve E and a primitive Wtorsion a 6 E[N], and by n'^: EfN)' YfN)' 
the universal elliptic curve. We put 

:= (yi(iV)Q,Sym''>-2(R\;ryv)*(Zp)£,(^))) 

JT' := Sym'^o-^ (RH;r;)*(Zp)£.(;v)')) • 

For each primitive A^-th root ^ 6 Q(Gm[A^])^ of unity, we consider the isomorphism 
L^: ( Z/A^Z )Q(G„[jv]) ^ Gm[A^]Q(G„[V]) of group schemes over Q(Gm[A^]) given by the 
Q(Gm[A/^])-algebra isomorphism 

q(Gm[N])[XN]/iPNiXN)) ^ Q(G„,[iV])^^“ 

)i+NZeZINZ 


and the natural equivalence 


Fi(A^)q(g„[V]) ^ ^i('^)q(g.,[V]) 
iE,/3) {E,/3 ol^) 

between moduli, where Pn(Xn) 6 Q[X/v] is the Wth cyclotomic polynomial as in ^2.2[ 
For each primitive A^-th root ^ 6 Q(Gni[A^])^ of unity, if/^ yields an identification of 
£i(A^)Q(Gn.[V]) and and hence we obtain a Qp-linear Gal(Q/Q(Gn,[A^]))- 

equivariant isomorphism 


^ Gal(Q/Q(G„[V])) 


(Qp ®z„ = Res 


Gal(Q/Q) 

Gal(Q/Q(G„[V])) 




and the isomorphism is Hecke-equivariant by the Eichler-Shimura isomorphism ( [IShi59ll 
5 Theoreme 1, ^Hid93ll 6.3 Theorem 4) because both of the analytifications of Y\{N)c and 
FiCA^)^ are biholomorphic to Fi(A^)\]H[. Therefore Res|||^J|?^®^ is isomorphic to 

ResG"!®/® (VA bv l[Dd69l N° 3-4. 

Gal(Q/Q(G„.[V]))^ ^ - 


Let 6 Q(Gm[A^])^ be a primitive A^-th root of unity. For each ip 6 Gal(Q/Q), we de¬ 
note by ip*q the Q-algebra which shares the underlying ring with Q and whose Q-algebra 
structure is given by ip, and by {(p) the diamond operator (nf) regarded as a correspon¬ 
dence on Ti(A^), where 6 (Z/A^Z)^ is the image of ip by the natural homomorphism 

Gal(Q/Q) ^ Gal(Q/Q)/Gal(Q/Q(G,JiV])) = Gal(Q(G,JiV])/Q) = (ZjNZr 


Now Qp ^z„ ^ and Qp ^z„ are finitely generated (Qp ®z, T*o,iv)-module with (Qp ®z, 

Tjto,v)-linear actions of Gal(Q/Q). For any ip 6 Gal(Q/Q), the composite 








idy-j (w/XV 




idrpjvjXp 


(V ‘)* 
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is given by the natural transform 

(£,/3) 1-^ (E,/? o t^) {E,p o L^) (^E,J3 oi^o t-y (e,I5 ol^o 

between moduli over Q, and henee eoineides with the eorrespondenee It implies 

that gives a (Qp^ZpT^o, ,A?)-linear Gal(Q/Q)-equivariant isomorphism between and 
M” twisted by the eharaeter 


Gal(Q/Q) ^ 

cp 1 (g) ((^)“\ 

Thus J^f is isomorphie to V/ twisted by 6“' as a Qp(/)-linear representation of Gal(Q/Q). 

□ 

As in ^3.3[ let Ai be a A-adie domain, and;^ a group homomorphism (Z/AZ)^ ^ A^. 
Henceforth, we regard;^ as the continuous character on Gal(Q/Q) given as the composite 

Gal(Q/Q) ^ Gal(Q/Q)/Gal(Q/Q(G„,[A])) = Gal(Q(G„,[A])/Q) 

^ (ZINZT ^ A^. 

Let '■ —> AiT^^^ denote the natural homomorphism. For a normalised A]- 

adic cuspidal eigenform f(q) of level N with character^ of slope < 5, following a similar 
convention to that in Example ll.lSi we put 

:= (Ai, d/j ®AiT<^ ®AoT<' ( f dk 

\^’LP 

and regard it as a profinite Ai[Gal(Q/Q)]-module, which is finitely generated as a Ai- 
module by Theorem 13 .dOi 

Lemma 3.49. Suppose p^ \ N. Eor any normalised Ki-adic cuspidal eigenform f(q) of 
level N of slope < s, Frac(Ai) giAj is a 1-dimensional representation o/Gal(Q/Q) 
over Frac(Ai). 

Proof By Theorem I3.20[ Frac(Ai) giAj is a finite dimensional Frac(Ai)-vector 
space. Put d := dimFrac(Ai)(Frac(Ai) igA, < oo. It suffices to verify d = 2. Since / is 
a normalised Ai-adic cuspidal eigenform, there is a finite subset S c G(Ai)Nn[ 2 ,oo) such 
that f((p){q) is a normalised cuspidal eigenform over of weight wt(^) and level N for 
any tp 6 G(Ai)Nn[2,oo)\5'. Let ^ 6 G(Ai)Nn[2,oo)\5'. We have 

CO oo oo 

miq) = Yj ^(^h(f))q^ = Xi ^WTh))q'^ = ° dfWh)q^- 

h=l h=l h=\ 
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Since f{ip) is a normalised euspidal eigenform over of weight wt(i/j) and level N, there 
is a Zp-algebra homomorphism : Twt(^o),A? ^ Zp sueh that f{ip) = 2“=! by 

the duality ( [|Hid931 5.3 Theorem 1). Sinee f{(p) is of slope < s, we have \ap{f((p))\ > \pW 
and henee uniquely extends to a Zp[^]-algebra homomorphism Af(^^): ^ 

Zp by Proposition 1 1 .421 and the duality again. By the definition of Ap^), n) is 

a Zp-subalgebra of /l/(^)(Zp[(/7]T<"^^) = (cp o /l^)(AiT<y = ^(Ai). Let vr^: AiT<^ ^ 
denote the eanonical projeetion. We have 

(tp O Af){Th) = ah(f((p)) = Af(^){Th) = Af(^){'UJ^{Th)) = {Ap^) o vj^){Th) 

for any h 6 N\{0}, 

{ip O Af){S„) = ip{Af{x{n + NZ))) = {ip o x){n + NZ) = Af(^^y{S„) = Af(^^y{vT^{S„)) 

~ ° n) 

for any n e N eoprime to N, and 

{ip O Af){p^T;^) = p\ip O AfWp)-^ = p^Af^^iTp)-^ 

= AfUp'T-p^) = d/(,)(rz7,(p^r;i)) = {Ap,) o 

Since these operators generate a dense Aj-subalgebra of A by the definition of the 
inverse limit topology, we obtain tpo Af = Ap^) o In partieular, we get an inelusion 

c ker(rzT^) c ker(^ o Af) 

of ideals of AiT^^^. By Lemma [3. 231 we obtain 

(Ai/ ker(^)) (g)A, = (i/j(Ai), ip) 

- (^(Ai), ip) <8 )A| (Ai, Af^ (AiT^^, rzTA,;j.,Ai) 

®AoT-(£ dl^ 

- (v(Ai), ip o Af^ (AiT^^, 'ri7A,^^Ai) ®AoT<» ( f (^i(A^)q’ ^k-i) dk 

= (v(Ai), Ap^) o ®AiT<^ (AiT^^, nTA,^,Ai) 

®AoT^' ^k- 7 ) d^ 

= (^(Ai), Ap^) O ®AiT<^/a,t« (^I'^vyAiTypy^), tun,xp) 

<S)aoT<vp«^, (AoT<"/P y^)) iS)aoT<* (^i(^)q’ ^k- 7 ) dli^ 

= (^(Ai), Ap^) O ®AiT<^/AiT« P«^, '^A.^.Ai) 
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- v(^i) ®^/(.)(t:?(,),w) (^/(v)(Tw^(v)),yv)’ ^/(v)) (^i(^)q’ ^wt(v)-2) , 

and hence putting V := Qp (8>z^ and Qp[^] := Qp (8>z^ Zp[^], we get 

(Qp[(^], idQ^ ® (f) i8)q^®z^a, V = ((Qp ®z, Ai) / ker(idQ^ (8) ^)) V 

= Qp (Ai / ker((^)) (8>a, 

= Qp ®Zp ^(Ai) (^/(v)(Tw?(p)w)’ ^m) =^1 (^1 (^)q’ 

= Qp[v] ®Q,(/(v)) (Qp(/(v)), idq,, ® d/(^)) 

(>^1 Wq. (Rk^/v)*(Qp)£, w))"' 

by Remark [3.221 where Qp(f((p)) is the p-adic Hecke field Qp ®z,, d/((p)(T^A,^) associ¬ 
ated to f{ip) introduced in ^1.31 The last term is the base change by the finite extension 
Qp[v]/Qp(/(v)) of the Galois representation associated to f{ip) twisted by;y“^ by Theo¬ 
rem [3]48l 

We regard Qp ®Zp Ai as a Ai-subalgebra of Frac(Ai), and identify V with the (Qp <8iz,, 
Ai)-submodule (Qp i8)Zp Ai) (8 )ai of Frac(Ai) (8 )ai Take a Frac(Ai)-linear basis 
£■ = {c; I 1 6 N n [1, J]} c V of Frac(Ai) (8 )a, We consider a (Qp (8)Zp Ai)-linear 

homomorphism 

L\{Qp®zp^\f y 

d 

(F,)ti ^ Yj^iCi- 
(=1 

Since £ is a set of Frac(Ai)-linearly independent elements, t is injective. Since V is 
finitely generated as a (Qp <8)Zp Ai)-module and E generates Frac(Ai) (8 )ai as a 
Frac(Ai)-vector space, coim(r) is a torsion (Qp ^Zp Ai)-module with non-trivial anni- 
hilators. Let D 6 (Qp ®Zp Ai)\{0} be an annihilator of coim(i). Put C := Spec(Qp ®Zp Ai). 
We denote hy <z Frac(Ai) the localisation (Qp ^Zp Ai)[D~^], and by [/ c C the image 
of the open immersion Spec(,e/) C. Then l induces an -linear homomorphism 

Lu : ^ sy ®Q„®zpAi y 

d 

{FdU ^ 

i=\ 

The right exactness of the functor ^®%»z.pt'^i (’) ensures coim(i[/) = ^®%®zpt'^i coim(i) = 
0. Since V c Frac(Ai) (8 )a, is a torsionfree (Qp ®Zp Ai )-module, the natural -linear 
homomorphism ®%»z,pKi F ^ Frac(Ai) ®Q„®ZpAi F = Frac(Ai) (8 )a, is injective, 
and hence Lu is injective. It implies that Lu is an .^/-linear isomorphism. Since D 0, 
there is a ^ e Reg^^(Ai) with ip{D) 0. The specialisation 

idQp ® ip \ Qp ®Zp Ai ^ Qp <8)Zp Zp[(,o] = Qp[</?] 


90 







c® F 1 -^ cip{F) 


induces a Qp[i/7]-linear homomorphism 

^ (Qp[<^], idQ^ ® if) V 

d 

1-^ ^ ctiCi- 

i=\ 

Sinee (p{D) 4^ 0, idq^ (g)^ faetors through by the universality of the loealisation. There¬ 
fore the bijeetivity of lu ensures that of beeause is a free jsZ-module. The target 
of is isomorphie to the Galois representation assoeiated to f((p)(q) over Qp[^] twisted 
by and henee we obtain d = 2. □ 

Let X be a topologieal spaee. For eaeh v 6 X, we denote by Qp{x) the C(X, Q^)- 
algebra of dimension 1 as a Q^-veetor spaee given as the quotient of C(X, Q^) by the 
maximal ideal {F 6 C(X, Q^) | F{x) = 0}. Let G be a monoid. For a C(X, Qp)-module M 
endowed with a C(X, Qp)-linear aetion of G, we eall Qp(Jc)iS)c(XQ )M the specialisation of 
M at X, and regard it as a Q^-linear representation of G. In the ease where X is a subspaee 
of Reg^'*(Ai), for a ^ 6 X, we hope that a reader does not eonfuse Qp((fi) with Qp[^]. In 
this ease, we regard C(X, Q^) as a Ai-algebra in a similar way with that introdueed after 

Proposition [3211 

Definition 3.50. We denote by the profinite Ai[Gal(Q/Q)]-module whieh shares the 

underlying topologieal Ai-module with and on whieh the aetion of Gal(Q/Q)] is 
given by that on twisted hy x- 

Theorem 3.51. Suppose p^ \ N. Then there is a finite subset 2^ c G(Ai)Nn[ 2 ,c») satis¬ 
fying the following for any normalised K^-adic cuspidal eigenform f(q) of level N with 
character X of slope < s: 

(i) For any (p 6 Q(Ai)tjn[2,oo)\2i, f{(p){q) is a normalised cuspidal eigenform over 
Zp[^] of weight wt(^) and level N with character x of slope < s. 

(ii) The C(G(Ai)Nn[2.oo)\2„ Qp)-mo^i?M/e 

V'^''ln(Ai)Nn[2,oo)\s, := C(f^(Ai)Hn[2,<»)\2^, Qp) <SiAi 

endowed with a C(G(Ai)fjn[2,oo)\2^, Qp)-linear action o/Gal(Q/Q) is free of rank 2 
as a C(Q(Ai)Nn[ 2 ,oo)\£i, Qp)-module. 

(Hi) For any (p 6 G(Ai)fjn[2,oo)\2i, the specialisation 

Q-pW) ®C(n(Ai)Nn[2,oc)\X,,Qp) ^/''b(Ai)Nn[2,<»)\X, 

o/^/''ln(Ai)Nn[ 2 oo)\Sj T is naturally isomorphic to the Galois representation asso¬ 
ciated to f(<p)(q) over Qp. 
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Proof. Normalised Aj-adic cuspidal eigenforms of level N with character x of slope 

< 5 are Frac(Ai)-linearly independent because they are simultaneous eigenvectors of 

Frac(Ai)-linear operators {Th \ h 6 N\{0}} with pairwise distinct systems of eigenvalues. 
By Corollary 13.381 (11. Frac(Ai) (8 )aj M(Fi(A),;^, is a finite dimensional Frac(Ai)- 

vector space, and hence there are at most finitely many normalised Ai-adic cuspidal 
eigenforms of level N with character;^ of slope < s. Therefore it suffices to verify that 
for any normalised Ai-adic cuspidal eigenform f(q) of level N with character;^ of slope 

< there is a finite subset So c f 2 (Ai)Nn[ 2 ,oo) such that is a normalised cuspidal 

eigenform over Zp[^] of weight wt(^) and level N with character x of slope < s for 
any tp 6 Q(Ai)f^n[2,oo)\5'o, and for any finite subset S c n(Ai)Nn[ 2 ,oo) containing 5o, the 
C(fl(Ai)Nn[2,oo)\5', Qp)-module 


=^^''ln(Ai)Nn[2,oa)\5 C (f^(Ai)Nn[2,oo)\5', Qpj (S)a, 


is free of rank 2 as a C(f2(Ai)Nn[2,oo)\>S', Qp)-module, and its specialisation 

Qp(v) ®C(n(Ai)Nn[2,oo)\S,Q„) '^^''ln(Ai)Nn[ 2 ,<x,)\S 


is naturally isomorphic to the Galois representation associated to f((p)(q) over twisted 
by the character on Gal(Q/Q) induced hy tp ox for any ip 6 G(Ai)rjn[2,oo)\5'. 

Let S 1 c G(Ai)ign[ 2 .oo) denote the finite subset consisting of elements tp such that 
f((p)(,q) is not a normalised cuspidal eigenform over Z,p[(p] of weight wt(i/?) and level N 
with character^ of slope < s. By the proof of Lemma 13.491 there is a D 6 Ai\{0} such 
that 



is naturally isomorphic to the Galois representation associated to f((p)(q) over twisted 
hy ip o X for any ip 6 Reg^''(Ai) with ip{D) ^ 0. Let 52 c G(Ai)Nn[ 2 ,oo) denote the 
support {ip 6 f2(Ai)fjn[2.oo) I P>{D) = 0}. Since Ai is a A-adic domain, 52 is a finite subset. 
Put 5o := 5i U 52 U (f2(Ai)Nn[2,oo)\Reg^''(Ai)). Let 5 c G(Ai)Nn[ 2 ,oo) be a finite subset 
containing 5o. Then for any ip 6 f2(Ai)Nn[2,oo)\5, we have 


Qp(V^) ®C(n(Ai)Nn[2,co)\5',Qp) ’^f ln(Al)Nn[2,<x.)\5' 



and hence Qp(^) 'S)c(n(Aikn[ 2 ,cc)\ 5 ,Q^) '^^'ln(A,)Nn[ 2 ,o <.)\5 is naturally isomorphic to the Galois 
representation associated to f(ip)(q) over twisted by ip ox~^ because ip is contained in 
Reg<XAi) = f^(Ai)\5i. 
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We verify that ^^1n(A,kn[2,oc)\5 is a free C(fl(Ai)Nn[2,oo)\5', Qp)-module of rank 2. By 
the definition of 5, the image of D in C(f2(Ai)fjn[2,oo)\>S', Q^) has no zero, and henee is 
invertible. We note that C(f2(Ai)Nn[2,oo)\5', Q^) is not the Q^-algebra of bounded eon- 
tinuous funetions, and henee we need not to argue the lower bound of the absolute 
values of the image of D. By the universality of a loealisation, the evaluation map 
Ai ^ C(Q(Ai)Nn[2,oo)\5',Qp) faetors through Ai ^ := (Qp <8>Zp Ai)[D“^]. By 

the proof of Lemma I3.49[ the -module ^ (S)a, ®Q,,®ZpAi (Qp ®Zp 

is free of rank 2, and henee so is the C(Q(Ai)Nn[2,oo)\5', Qp)-module =^^^ln(Ai)Nn[ 2 ,co)\s = 

C(f2(Ai)Nn[2,oo)\5', Qp) ^ <8»a, □ 
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